TOIIOJlOrHHECKHE PA^HKAJIbl, III. COBMECTHblH 
CIIEKTPAJIbHblH PA^HYC 



IO. B. TYPOBCKHH H B. C. UiyjIbMAH 

IlaMsmiu nauiux omupe — BjiaduMupa BacuAbeeuna TypoecKoso u CeMeua Mouceeeuna 
UlyAbMana, oipui^epoe CoeemcKou apjviuu, ynacmnuKoe BeAunou OmeuecmeeHHOu eounbi 

Ahhotaiihji. IToKa3aHO, hto cobmscthhh cneKTpajiBHMH pa,n,nyc p(M) npe,n- 
KOMnaKTHoro MHO^KecTBa M onepaTopoB b 6aHaxoBOM npocTpaHCTBe paBeH 
j^jf^ 6ojiBineMy H3 flByx HHcejt: coBMecTHoro cneKTpajiBHoro paflnyca p e (M) o6pa- 

, 3a M b ajire6pe KajiKHHa h BW-pafliiyca r(M). IIojiyieHBi Taicxce pe3yjiBTaTBi 

SToro pofla, OTHOCHiHHeca k o6lu,hm HopMiipoBaHHBiM anre6paM. ,HpKa3aTe.ni>- 

CTBa OCHOBaHBI Ha TeOpHH TOnOJIOrHHeCKIIX pa^HKajlOB HOpMHpOBaHHBIX aji- 

re6p. 



1. BBEflEHHE 

B 1960 ropy PoTa h CipsHr |12) bbcjih noHHTHe coeMecmnozo cneKmpaAbHozo 
paduyca p (coKpamcHHO, CCP), nojiaraa pjisi orpaHHHCHHoro mho jkgctb a M ajie- 
MeHTOB HopMHpoBaHHOii ajire6pbi A, 

p(M) := lim \\M n \\ 1/n = inf ||M"|| 1/n , (1.1) 

n— >oo n 

r^e HopMa MHO*:ecTBa noHHMaeTCH KaK cynpeMyM hopm sjieMeHTOB, a npoH3Be,ne- 
Hiie MHOJKecTB — KaK MHOJKecTBO npoH3BefleHHii: M\M% = {ab : a e M%, b 6 -M2}. 
OTo6pa»;eHHe M 1 — > p(M) o6jia [ n > aeT MHoriiMii ynp6HbiMH aHajiHTHnecKHMH h aji- 
re6paHnecKHMH CBOftcTBaMH; b nacTHOCTH, npH aHajiiiTiiHecKoii 3aBncnMOCTii A 1 — 
M = M (A) OTo6pa»ceHne A 1 — > p(M (A)) cy6rapMOHHHHO [16, TeopeMa 3.5] (fljia 
kohchhbix MHOJKecTB 3to 6bijio flOKa3aHO b |13l TeopeMa 3.8]). 

IloHHTHe CCP Hanijio npiiMCHeHiic b pa3jiHHHbix o6jiacTHx MaTCMaTHKii; sbo- 
jiiohhohhoh flanaMMKe, TeopHH bshb jieTOB , pa3H0CTHbix ypaBHeHHHX h bo MHOrnx 
Apyriix (cm. HanpHMep [6]), a TaKace b TeopHH onepaTopoB, b nacTHOCTH, b Teo- 
pHH HKBapnaHTHBix no/nipocTpaHCTB |151 1211 116| . 3to CTHMyjinpoBajio HHTepec K 
HaxojKfleHHio (popMyji pjin BMHHCjieHHH CCP. BajKHaa (popMyjia pjin BbiHHCjieHHH 
CCP orpaHHieHHoro MHOJKecTBa MaTpnu; 6bijia HaftfleHa b 1992 ro^y BeprepoM h 
BoHroM [2]. Hto6bi ee npHBecTH, BBe,neM, cjie^ya [2], HHyio cneKTpajibHyio xapaK- 
TcpncTHKy orpaHHHCHHoro noflMHOJKecTBa M ajire6pbi — BW-paduyc: 

r(M) := limsup r„ (M) , iyre r n (M) = sup {p (a) : a E M n } 1/n . (1.2) 

n— >oo 

5Icho, hto r(M) < p(M). B [2] 6bijio ,n,0Ka3aH0, hto 

p(M)=r(M) (1.3) 

,zi,jih jnoGoro orpaHHHeHHoro MHOJKecTBa MaTpnii,. 

OopMyjia Beprepa-BoHra (jl.3D 6bijia nepeHeceHa b [16] Ha npeflKOMnaKTHbie iior- 
MHOJKecTBa KOMnaKTHbix onepaTopoB b 6aHaxoBOM npocTpaHCTBe h Hcnojib30Ba- 
jiacb npn H3yneHHH onepaTopHbix nojiyrpynn h ajire6p JIh. Hto6m y6e/i,HTbCH b ee 
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nojie3HOCTH, floCTaTOHHO yBiifleTb, KaK jierxo H3 Hee cne/ryeT (nojiyneHHoe b |21| ) 
peineHHe npo6jieMbi BOjibTeppoBOii nojiyrpynnBi " ecnnafi au noAyzpynna eoAbmep- 
poeux onepamopoe UMeem UHeapuanmHoe nodnpocmpancmeo?" . B caMOM ,a,ejie, 
ecjin G — nojiyrpynna eoAbmeppoeux (to ecTb, KOMnaKTHbix KBa3HHHjibnoTeHT- 
hbix) onepaTopoB, to r{M) = ^jih jiio6oro KOHenHoro MHOJKecTBa M C G. H3 
(II. 3p cjie/iyeT, hto p(M) — 11 Tor,n,a jiHHefiHaa: o6ojiOHKa MHOJKecTBa M cocto- 
ht H3 BOjiBTeppoBbix onepaTopoB (cm. HanpHMep [13 j npefljiojKemie 3.5]). SHannT, 
jiHHCHHaa o6ojionKa nojiyrpynnBi G — ajire6pa BOjibTeppoBbix onepaTopoB, n, no 
TeopeMe JIoMOHOCOBa [8], OHa HMeeT HHBapnaHTHoe no/nipocTpaHCTBO. 

IIo^,HepKHeM, hto 06a orpaHH^eHna KOMnaKTHOCTH b (|1.3[) cymecTBeHHbi. B [3J 
npHBe/i,eH npnMep napbi onepaTopoB a, b, fljia KOTopbix r({a,b}) = ^ p({a,b}). 
H3BecTHM 11 npHMepbi orpaHH^ennbix mhojkcctb KOMnaKTHbix onepaTopoB, /jjih 
KOToptix paBencTBO (jl.3l) ne BbinojiHeHO (cm. HanpiiMep [111 npefljiojKeHiie 2.16]). 

Mbi nojiyniiM BapnaHT cpopMyjibi Beprepa-Bonra, CBo6o,ii;HbiH ot orpaHnneHHH 
KOMnaKTHOCTH onepaTopoB. A iimchho, 6yn,eT noKa3aHO, hto pjin jiio6oro npe,n;KOM- 
naKTHoro MHOJKecTBa M C B{X) cnpaBefljiiiBO paBGHCTBO 

p{M) = max{r(M), p e (M)}, (1.4) 

iyi,e p e (M) := p(ir(M)) — CCP o6pa3a M b ajire6pe KajiKiiHa B (X) /JC(X) npn 
KaHOHinecKOM 3HflOMop<pii3Me 7T (3,n,ecb, pa3yMeeTca, 6 (X) 11 /C (A") — ajire6pa 
Bcex orpaHHHeHHbix onepaTopoB 11 iifleaji Bcex KOMnaKTHbix onepaTopoB b 6aHaxo- 
bom npocTpaHCTBe X). Mbi Ha3Bajm (jl.4l) o6o6uifiHHOu cfjopMyAou Bepzepa-Boma 
(o6o6meHHOH BB-cpopMyjioii) b |17| , r^e OHa 6bijia ,n,OKa3aHa fljia onepaTopoB b npo- 

H3BOJIbHOM peipJieKCHBHOM 6aHaXOBOM npOCTpaHCTBe, HO BCKOpe BblHCHIIJIOCb, ^ITO 

ecTb HecKOjibKO bii/i,ob cpopMyji, o6o6inaioiHHx l|l-3[) . h HyjKHO yTOHHHTb 3HaHeHiie 
TepMiiHa. OTMeTHM, hto H3 (| 1 .4[) cjieflyeT cnpaBe^jiiiBOCTb (|1 .3[) /jjih npe,n,KOMnaKT- 
hmx ceMeflcTB onepaTopoB Bii^a Al + K, r^e AeC.aK- KOMnaKTHbifi oncpaTop, 
hto 6bijio ochoboh flaHHoro b |16| ^0Ka3aTejibCTBa Toro, hto BCHKaa: ajire6pa JTh 
BOjibTeppoBbix onepaTopoB HMeeT HHBapiiaHTHoe no,n;npocTpaHCTBO. 

B STOii pa6oTe 6ojibniyio pojib iirpaeT Teopna TonojiorinecKiix pa/piKajiOB nop- 
MiipoBamibix ajire6p, ochobm KOTopoii 6bijiii 3ajiojKeHbi b pa6oTe ^HKCOHa [5] h 
KOTopaa nojiynnjia ^ajibHeiiniee pa3BHTiie b |181 I20| . y,no6cTBO oflHOBpeMeHHoro 
iicnojib30BaHHH ajire6paii ii iecKoro ii onepaTopHoro noflxoflOB o6T>HCHiieTca TeM, hto 
nepBbifi no3BOjiHeT Becra peflyKHino no n^eajiaM n <paKTop-ajire6paM (iyi,e pa6o- 
TaiOT pa/niKajibi) , a BTopofl — no HHBapnaHTHbiM noflnpocTpaHCTBaM n (paKTop- 
npocTpancTBaM. Pe3yjibTaTbi pa6oTbi Tam«e OTpajKaiOT nepeflOBaHne stiix no/i,xo- 
,h;ob. Mbi CHanajia nojiy^aeM " cMeuiaHnym BB-(fiopMyAy Bbipa»caioni,yio CCP ce- 
MeiicTBa sjigmchtob HopMnpoBanHoii ajire6pbi nepe3 cneKTpajibHbie xapaKTepncTn- 
kh acconiinpoBaHHoro ceMeiiCTBa onepaTopoB flBycToponHero yMHOJKeHna. Ha Hee 
mbi BbiBOflHM (|1.4p . KOTopyio Tenepb Ha3biBaeM onepamopnou BB-cfiopMyAou. 

B cbok) oiepeflb, (|1.4p Hcnojib3yeTCH fljia nojiyneHHH BapnaHTa (popMyjibi bm- 
HHCjieHHH CCP, npnroflHoro fljia: npon3BOjibHbix HopMnpoBaHHbix ajire6p. 3to — 
ameSpauHecKCLfi BB-(popMyAa c zunoKOMnaKmnuM paduKaAOM: 

p(M) = max{p(M/n hc (A)), r(M)}. (1.5) 

3aMeTHM, nTO lZh c (A) D IC(X) npn A = B(X) h BKjnoncHHe mojket 6biTb CTpornM 
- HanpnMep, npn X = I 1 h b psfle flpyrnx npnMepoB Bee cjia6o KOMnaKTHbie 
oncpaTopbi BxoflHT b lZh c (B(X)) (cm. pa3aeji f4.3p . TaKHM o6pa30M, (|1.5p He TOjibKO 
o6o6m,aeT onepaTopHyio BB-cpopMyjiy (|1.4p . ho h ycnjiHBaeT ee. 

OopMyjibi (jl.4p h p.5p 6hjih aHOHcnpoBaHbi b |14] , ho ny6jinKan,na ,n,0Ka3aTejib- 
CTBa ,a,ojiroe BpeMH OTKjiaflbiBajiacb no psipy npnnHH. JlHinb b 2008 ro,ny aBTopbi 
noMecTHjin flOKa3aTejibCTBO ynoMSHyTbix cpopMyji b sjieKTpoHHbiii apxHB |19j . a 
HecKOJibKO MecnneB cnycTa Moppnc, TaKJKe b ajieicrpoHHOM npenpHHTe [S], Haineji 
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jrpyroe jjpKa3aTejibCTBO (popMyjibi (|1.4[) . ocnoBaHHoe Ha MyjibTHnjiHKaTHBHOH sp- 
roflHHecKoii TGopiin. 

^ajiee Mbi paccMaTpiiBaeM nepcneKTHBBi nojiyneHHs " onTHMajibHoit" (popMyjibi 
jijih BbiHHCJieHHH CCP. OKa3ajiocb, hto 3to mojkho cflejiaTb b paMKax Teopnn pa- 
/niKajiOB. Mbi noKa>KCM, hto cymecTByeT HaH6ojibiHHii H3 pa/niKajiOB, kotopmmh 
mojkho 3aMeHHTb 72-hc b (| 1 . 5 [) ; Mbi o6o3HaHaeM ero ■ Mm ctpohm Tam«e hobhh 
paflHKaji Ma>KopHpyeMbiii IZhw Kax cjieflCTBHe, coneTaHne pa/niKajia TZ^ q c th- 
noKOMnaKTHbiM pa^HKajiOM no3BOjiaeT nojryHHTb 6ojiee cnjibHyio ajire6paHHecKyio 
BB-cpopMyjry, neM (|1.5p . B KOHne pa6oTbi mm yKa3MBaeM npnjiojKCHHe nojiyHeHHbix 
(popMyji k Bonpocy o HenpepbiBHOCTii CCP. 

2. HEKOTOPblE BCnOMOrATEJIbHHE PE3yjTbTATbI 

Ajire6pbi, paccMaTpHBaeMbie b pa6oTe, npejTnojiaraiOTCJi KOMnjieKCHMMH, acco- 
u,HaTHBHMMH 11 HopMHpoBaHHMMH. 06o3Ha ii iHM Hepe3 A 1 ajire6py, nojiynaeMyio H3 
ajire6pbi A npHCoeflHHeHiieM e/niHiinbi; npii stom nojiaraeM A 1 = A, earn A yHii- 
TajibHa. TepMHH udean 03HaHaeT flBycTopoHHirfi iifleaji, onepamop — orpaHineH- 
Hbiii jiHHeiiHMH onepaTop b KOMnjieKCHOM HopMiipoBaHHOM npocTpancTBe, cfiaKmop 
ajire6pbi — <paKTop-ajire6pa ajire6pbi no ee 3aMKHyTOMy H^eajiy. Ecjih J — 3a- 
MKHyTbiii iiflcaji b A, to q,j — sto CTaHflapTHbiii 3niiMop<pii3M A na A/ J; bmccto 
qj(a) yn,o6Hee HHOiyja niicaTb a/ J. Tohho Tax ace, o6pa3 MHOJKecTBa M C A otho- 
CHTejibHO qj oSosHanaeTCH jih6o qj(M), jih6o, 6ojiee kopotko, M/ J. 

3aMKHyTaa jiHHeiiHaa: o6ojio T iKa MHO»cecTBa M b HopMiipoBaHHOM npocTpaHCTBe 
y o6o3HanaeTCH nepe3 spanAf hjih, ecjiii Tpe6yeTCH yTOHHemie, nepe3 span-y M, 

3aMMKaHH6 — nepe3 M hjih , 3aMKHyTbiii 6jj,hhhhhmh map b y — nepe3 J^o ■ 

ToBopa 06 ochobhmx KOHCTpyKiniax pa6oTM, otmgthm imbie xapaKTepii3aHHH 
BW-pa/piyca r{M) orpaHiiHemioro no/rMHO)KecTBa M ajire6pbi A. nocKOjibKy Bep- 
ho p (a n ) — p (a) n , HCHO, HTO (M) = ri (AT) 1/n < r nm (M) jj,jih jho6mx n,m E 
N, rjj,e r n (M) onpejj,ejieHO b (|1.2[) . OTKy^a 

r{M) = supr„ (A/) = supr nTO (Af) = lim r n(fe) (Af) (2.1) 

n n k—>oo 

fljia HeKOTopoii cpHKCHpoBaHHOii nocjie/i,OBaTejibHOCTH n (fc): HanpHMep, mojkho B3aTb 
n (fc) = (pi ■ ■ ■ pk) , rjj,e pi npo6eraeT pajj, Bcex npocTbix niiceji. 

nepexojj, ot ajire6paH ii iecKOH CHTyai^HH k onepaTopHoii y^;o6HO ocym,ecTBjiaTb 
nepe3 paccMOTpeHne onepaTopoB yMHO»ceHHH. KaK o6mhho, CHMBOjiaMH L a h R a 
mm o6o3Ha x iaeM onepaTopbi jieBoro h npaBoro yMHOJKeHHH Ha sjigmght a b ajire6pe 
A: \j a x = ax, K a x — xa. ,II,ajiee, jj,jih M C A nojiaraeM Lj,/ = {L a : a G M} h 
Rm = {R a : a E M}. HeTpyjj,HO npoBepHTb, ^to ecjin M orpaHHneHO, to t(Lm) = 
t(Rm) = r(M) h p(Lm) = p(R-Af) = p(M). BajKHO, hto r(M) h p(M) Haxojj,HT 
OTpa»ceHHe b CBOiicTBax ceMeiicTBa onepaTopoB LmRj/ = {L a Rb : a, b E M}. 

JleMMa 2.1. Ilycmb M — ozpanuueHHoe nodMHoatcecmeo HopMupoeawHou ajize6pu 
A. Tozda p(M m ) = p{M) m u r(M m ) = r(M) m 3jim aw6ozo m E N, p(M) 2 = 
p(L M R M ) u r(M) 2 = r(L M R M )- 

JJoKa3ameAt>cmeo. Y^iHTMBaa (|1.1|) . (|2.ip h to, hto (M m ) n — M mn fljin jno6oro 
n E N, nojiy^HM 

p(Af m ) = lim \\M mn \\ 1/n = lim f || M mll || 1/mnN )" 1 = p(M) m , 

r (M m ) = supr„ (M m ) = supn (Af m ") 1/n = supr mn (Af) m = r (Af)" 1 . 

n n n 

Ta K xaK || (La/Rw)™ || < ||Af n ||||7V n ||, to p(L M R M ) < p(M) 2 . Hto6m AOKasaTb 
o6paTHoe HepaBGHCTBO , 3aMeTHM, hto ||M 3 || < ||LajRm|| \\M \\. MeHHH 3flecb M Ha 
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M n , H3BjieKaa Kopmi h nepexoflH k npe^ejiy b o6enx HacTiix HepaBeHCTBa, nanynnM 
p{Mf = p(M 3 ) < p(L M R M )p(M). 

Tax xaK Lm KOMMyTnpyeT c Km, to p(h a Ki,) < p(L a )p(Rb) < p(a)p(b) pjin 
jiio6bix a,b G M n . YHHTbiBaH (|1.2p . 6epa tophus BepxHiie rpaHH, H3BjieKaa Kopnn 
h nepexo,n;H k BepxHeMy npe^ejiy, nojiyniiM rfLwRM) < r(M) 2 . 

TaK kbk p(a) 2 = ^(LQRa), to sup aeM „ p(a) 2 < sup b ceM „ p(L b R c ). CHOBa H3- 
BjieKaa: kophh h nepexo/rii k BepxHeMy npe^ejiy, nojiyniiM r(A/) 2 < t{Lm Raj )• D 

3anHiiieM onpe^ejieHHe cymecTBeHHoro CCP pe b 6ojiee noflpo6Hoii cpopivre: 

p e (M) := lim (sup{||T|| e : T G M"}) 1/n = inf (sup{||T|| e : T 6 Af"}) 1/n , 

n— >oo n 

rpfi \\T\\ e — ||7r(T)|| - cymecTBeHHaa HopMa T. XapaKTcpncTHKOit onepaTopa, 
6jih3koh k | \T\ | e , HBjiaeTCH xayc,zi;opcpOBa Mepa HeKOMnaKTHOCTH (xaycdoptfioea nop- 
mcl) \\T\\ x o6pa3a e/niHHHHoro inapa Xq npii OTo6pajKeHiiH T (HanoMHHM, hto sto 

— TOHHaa HIDKHSIH rpaHB MHOJKECTBa Tex £ > 0, flJIH KOTOpblX T Xq HM6GT KOH6H- 

Hyio e-ceTb, h hto ||T|| x < ||T|| e ). npeiiMymecTBO nojiyHopMbi ||r|| o6 r bHCHHeTCH 
TeM, hto OHa xopoino corjiacoBaHa c cyjKeHiieM onepaTopa Ha HHBapiiaHTHoe no,n,- 
npocTpaHCTBO h c ero HH/ryinipoBanHtiM ^eiicTBHeM b cpaKTop-npocTpaHCTBe (cm. 
HanpiiMep |17l jieMMa 2.5]): 

TO* < 2||T[[ X h ||r|(W)|| x <||r|| x . (2.2) 

BajKHbift TexHHHecKHii pe3yjibTaT 6biji nojiyneH b |161 cjie/jCTBiie 6.5]: 

JieMMa 2.2. ||LmRm|Ix ^ 16||M|j x ||Af || 3am aw6ozo npedKOMnaKmnozo mhookc- 
cmea M onepamopoe. 

J\jisi cooTBeTCTByiomero xaycdopcpoea CCP p x , onpe^ejieHHoro paBeHCTBOM 

p x {M) := Urn (sup { |[T|| X : T G M"}) ^ = inf (sup {\\T\\ X : T G M"}) V " , 

flOKa3ano [S], hto oh coBna,naeT c p e na npeflKOMnaKTHtix MHOJKecTBax onepaTopoB. 
O^naKO Mbi 6ya;eM Hcnojib30BaTt ^ajiee jihlub oneBHflHoe nepaBeHCTBO 

Px (M) < Pe (M) (2.3) 

pjia jiioGoro npe/TKOMnaKTHoro MHOJKecTBa onepaTopoB M. H3 Hero cjie/ryeT, hto 
fljia /i,OKa3aTejii>CTBa f) 1 -4[) floCTaTOHHO ycTaHOBHTb paBeHCTBO 

p(M)=m a x{r(M),p x (M)}. (2.4) 

BajKHbiit cjiynan BtmojiHeHiiH 3Toro paBeHCTBa ,noKa3aH b |161 npe^jiosKeHHe 9.6]: 

JieMMa 2.3. Ecau p(M) = 1 djin npedKOMnaKmnozo MHoatcecmea M onepamopoe 
u nojiyzpynna, nopocncdeHHaji M, ozpaHuuena, mo (|2.4|l suno/meno 3jih M . 

J\jisl jiK)6oro orpaHH^ieHHoro MHOJKecTBa M sjicmchtob HopMnpoBaHHOfl ajire6pbi 
A nojiojKHM p x (Al) — p x (Lm Rm ) 1 ^ 2 - JlerKO bh^ctb, yHHTBmaa (I2.2p . hto /jjih 
jno6oro 3aMKHyToro H^eajia J ajire6pbi 

p x {M/J) < p x {M). (2.5) 

3jieMeHT a G A Ha3biBaeTCH KOMnaKmnuM, ecjiH onepaTop W a := L a R a kom- 
naKTeH b A. By^,eM roBopHTb, ito mho^kgctbo M C A cocmoum U3 coeMecmno 
KOMnanmHux ajieMenmoe b A, ecjiH Bee onepaTopbi H3 LjvjRm KOMnaKTHH b A. 
HaM noHa^;o6HTCH cjieflyiomee o6o6m;eHHe ocHOBHoro pe3yjn>TaTa pa6oTbi |21) . 

JieMMa 2.4. G — noAyzpynna KeasuHUAbnomenmHux DAeMenmoe Hopjuu- 

poeaHHoil aJize6pu A u G cocmoum U3 coeMecmno KOMnanmnux sjieMenmoe e A, 
mo span G cocmoum U3 Kea3UHUAt>nomeHmHux SAeMenmoe. 
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/joKasameAbcmeo. 5Icho, hto L^Rg — nojiyrpynna BOjibreppoBbix onepaTopoB b 
A. B CHjiy |21l TeopeMa 4], spanLoRc Taitsce coctoht 113 BOJibTeppoBbix onepa- 
TopoB. Tax KaK L{,R C € spanLcRG jik)6bix b,c 6 spanG, to L span GRspanG 

TaKJKe COCTOHT H3 KBa3HHHJIBIIOTCHTHBIX OnepaTOpOB, H, 3HaHHT, Spall G COCTOHT 
H3 KBa3HHHJIbnOTeHTHBIX SJieMCHTOB. □ 

3. TonOJTOrHHECKHE PAflHKAJIbl 

TonoAozuuecKuu padunan (TP) Ha Kjiacce Bcex HopMHpoBaHHbix ajire6p — sto 
OTo6pa»ceHHe P, conocTaBjiHioiHee KajK^ofi ajire6pe A ee 3aMKHyTbiii H^eaji P(A) 

H yflOBJICTBOpHIOmCe yCJIOBHHM! 

(Rl) f{P{A)) C P{B) fljia jiro6oro HenpepbiBHoro OTKpbiToro 3niiMopcpH3Ma / : 

A^B. 
(R2) P{A/P(A)) = 0. 
(R3) P(P(A)) = P(A). 

(R4) fljia: jiK>6oro Hfleajia J ajire6pbi A, P{J) — iifleaji ajire6pBi A. co^cp>KaHi,HH- 
ch b P(A). 

Ho cpaBHeHHio c onpeflejieHHeM TP b [5], mh Tpe6yeM otkpbitoctii sniiMop- 
cpH3Ma b (Rl) h He Tpe6yeM 3aMKHyT0CTH ii^eajia b (R4). Ajire6pa Ha3biBaeTCH 
P-paduKajibHou, ecjin A — P{A). Mojkho noKa3aTb (cm. |18l cjie^CTBiie 2.8 h Teo- 
peMa 2.9(i)]), hto 3aMBiKaHHH P-paflHKajibHbix HfleajiOB h (paKTopbi P-pafliiKajib- 
hmx ajire6p P-paflHKajibHbi, h hto Kjiacc Bcex P-pa/piKajibHbix ajire6p ycToiraiiB 

OTHOCHTejIbHO paCHIHpeHHH (eCJIH J 3aMKHyT, A I J H J P-paflHKajIbHbl, to A P- 

pa^HKajibHa) . Bojiee o6ih;hh pe3yjibTaT ccpopMyniipoBaH b jieMMe [3~T1 

Ha30BeM 3aHyMepoBaHHoe opflimajiaMii ceMeiicTBO ( J ct ) ct < 7 iifleajiOB ajire6pbi A, 
coflepjKamHxca h 3aMKHyTbix b neKOTopoM ii,a,eajie J ajire6pbi A, eospacmawineu 
mpaHccfiuHumHou v t enoHKou H^eajiOB, ecjin J a C Jp npn a < j3 h Jp = U Q<j aJ a 
pjin jiro6oro npeflejibHoro opflimajia /3 < 7, h y6ueamw l eu mpancc/juHumHou v,enoH- 
kou, ecjiH J p C J a npn ol < j3 h J p = n a < / g</ a fljiH jiio6oro npeflejibHoro opflimajra 
P < 7. CjieflyiomHH pe3yjibTaT BbiBOfliiTCH H3 [181 TeopeMbi 2.9(i) h 2.10 (i)] . 

JleMMa 3.1. Ptycmb P — moncuiozuuecKuu padutcaji. Ecjiu e 603pacmaiowfiu mpanc- 
cjjuHumHou i^enoHKe ( J Q ) Q < 7 3aMKHymux udeajioe HopMupoeanHou ame6pu A nep- 
euu udea/i Jq u see cfiaKmopti J a +i/J a P-paduKa/ibHU, mo u ee nocjiednuu a/ie- 
Meum J 7 P-paduKajien. 

Mbi, b ochobhom, 6yn,eM HMeTt ,n,ejio co cnenHajibHbiMii KjiaccaMii pa^HKajiOB, 
o6jia,z];aiomHx oco6enHO ya,o6HbiMii CBOiiCTBaMii . TonojioriiHecKiiii pa/piKaji P Ha- 
3biBaeTCH HacjiedcmeeHH'biM (coKpameHHO, HTP), ecjiH BbinojinaeTCH ycjiOBHe 

(R5) P( J) = J n P(A) ,hjih jnoGoro n^eajia J ajire6pbi A. 
11 paeHOMepnuM (cm. |18j). ecjin Bee no/i,ajire6pbi npoH3BOjibHofi P-pa^HKajibHoii 
ajire6pbi P-pafliiKajibHbi. JlerKO Bn,n;eTb, hto paBHOMepnbie pa,n,HKajibi Hacjie^CTBeH- 
hm, h ^to (R5) BjieneT (R3) h (R4). IIosTOMy HTP mo>kho onpe^ejiHTb ycjiOBHHMH 
(Rl), (R2) 11 (R5), neM mm 6yn,eM nojib30BaTbCH b ^.ajibHeiinieM. 

Hmcct cmmcji TaKJKe paccMaTpiiBaTb TP b Kjiacce Bcex 6aHaxoBbix ajire6p, 
cyjKaa ^eiiCTBHe BbiinenepeiiicjieHHbix aKCiiOM. TaK, npn stom, b (R4) nofl iifle- 
ajiOM noHHMaeTca 3aMKHyTbiii iifleaji, a Tpe6oBamie otkpbitoctii 3niiMopcpii3Ma b 
(Rl) ii3jiHiiiHe (to ecTb, BbinojiHHeTCH aBTOMaTinecKii b cnjiy TeopeMbi Banaxa). 

Ecjih P — HTP b Kjiacce 6aHaxoBbix ajire6p (c, bo3mojkho, 6ojiee iniipoKoft 
o6jiacTbio onpeflejieniia) , to, corjiacHO |181 TeopeMa 2.21], OTo6pajKeHiie P r , onpe- 

,a;ejieHHoe paBeHCTBOM P r (A) := A HP (^Aj , r^e A — nonojiHeHiie HopMHpoBaHHOft 

ajire6pbi, — HTP b Kjiacce HopMHpoBaHHbix ajire6p. nocKOJibKy P r (A) = P (A) 
fljra 6aHaxoBbix ajire6p, pesyAMpnaji npovtfidypa P \ — > P r pacinHpaeT fleitcTBiie 
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P c 6aHaxoBbix ajire6p Ha HopMHpoBaHHbie ajire6pbi, npiineM P rr = P r . TP P b 
Kjiacce HopMHpoBaHHbix ajire6p Ha3biBaeTca pezyAJipnuM (cm. [18J), ecjin P = P r . 

IIoTpe6HOCTb b peryjiapraainiH HjijnocTpHpyeTca cjie/ryioiniiM npiiMepoM : pa^ii- 
Kaji ^}KeKo6coHa — HTP b Kjiacce 6aHaxoBbix ajire6p (o6o3HanaeM ero nepe3 Rad) , 
ho He HBjiaeTCH TP b Kjiacce HopMHpoBaHHbix ajire6p [5, npHMep 10.1]. IIosTOMy 
bm6cto Rad Mbi paccMaTpHBaeM pezyAJipHuu paduKan JloK.eKo6cona Rad r . 5Icho, 
hto oh paBHOMepen. /Tpyrne npnMepbi TP mbi paccMOTpHM hhjkc 

B Kjiacce Bcex (TonojiorHnecKHx) pa/niKajiOB BBe,a,eM HacTHHHbift nopa^OK, no- 
jiaraa P\ <Pi, ecjni P\(A) C P2{A) pjin jno6oii HopMHpoBaHHOii ajire6pbi. 

JleMMa 3.2. a) JIw6oe ceMeucmeo padunaAoe {Pi : i 6 A} uMeem moHHyw eepx- 
hww spawb ViPi u moHHyto huchchww zpawb AiPi e Kjiacce ecex TP. 

b) riycmb P — V{Pj : i G A}. B awSou ajize6pe A cymecmeyem eospacmawmfisi 
mpanccfjuHumHasi v i enouKa 3aMKHymux udeajioe (J a ) Q < 7 , maKaji umo Jq = 0, J 7 = 
P{A) u Kaofcduii gjaKmop J a+ i/J a jieJifiemcM Pi-paduKaAbHUM 0am Henomopozo i. 

c) Ecau see Pi HacAedcmeeHHU, mo paduKaA A{Pi : i 6 A} sieAfiemcsi nacAed- 
cmeeHHUM u conocmaeAMem Kaotcdoii aAze6pe A udean Hi Pi (A). 

JIoKa3ameA-bcmeo. a) IIojiojkhm H (^4) = J2i Pi (A) h B (A) = DiPi (A) (sto Kop- 

peKTHO, TaK KaK MOJKHO CHHTaTb A, 6CJIH Heo6xOflHMO, MHOCHCeCmeOM KJiaCCOB 3K- 

BHBajieHTHOCTH coBna,n,aioiHHx Ha ajire6pe pa/niKajiOB). OTo6pajKCHna B h H hbjih- 
K)Tca eepxnuM h huokhum TP (cm. [S]), to ecTt yzjOBjieTBopaiOT bccm aKCHOMaM 
TP, KpoMe, 6biTb MOJKeT, (R3) h (R2) cooTBeTCTBeHHO. 

^eftcTBHTejibHO, hcho, ^to ycjiOBHH (Rl) h (R4) BbinojiHeHbi fljia B h H. TaK 
KaK Pi {A) — H^eaji b H (A), to 

P % (A) = P t (Pi (A)) c P t (H (A)) c H (H (A)) , 

OTKyn,a H (^4) C H (H (A)), to ecTb. (R3) BbinojiHeHO pjisi H. FIoKasceM Tenepb, hto 
ycjiOBne (R2) BbinojiHeHO fljia B. ITycTb / = B(yl) h J = qj 1 (B(A/I)). TaK KaK 
/ C Pi(A) AJis jno6oro i, to 3a,n,aH 3nHMop(pH3M pi : A/ 1 — > A/Pi(A), KOTopbift 
HBjiaeTCH HenpepbiBHbiM h OTKpbiTbiM. Toiyja 

( Pl o qj) (J) = ^ (B(A/I)) c ^ (Pi(A/I)) c Pi(A/Pi(A)) = 0. 

CjieflOBaTejibHO, J C Pi(A) fljia jno6oro i, OTKy^a J C / h B(A/I) = 0. 

Cbhjkcm c H h B TpaHcepHHHTHbie nenoHKH 3aMKHyTbix HfleajiOB ajire6pbi A, 
B03pacTaK>myio (H^"- 1 (A)) h y6biBaioiiryio (B Q (^4)), onpeflejieHHbie peKKypeHTHo: 
H(«+!) (A) - npooGpaa H (A/H^ (A)) b A h B a+1 (A) = B (B Q (A)) h P h nanajib- 
HblX yCJIOBHSX H(°) = h B° = A. OTo6pajKe HH a B a h H< a ) COOTBCTCTBCHIIO 
BepxHHH h hhjkhhh TP. Flo cymecTBy, 3to ycTaHOBjieHO b [5j TeopeMbi 6.6 h 6.10]: 
apryMeHTbi [5] Henocpe^CTBeHHO nepeHOCHTCH c 6aHaxoBbix ajire6p Ha HopMnpo- 
BaHHbie, h TOJibKO oflHH momcht Tpe6yeT noHCHeHHii — sto ycjiOBHe (R4) b cjiynae 
He3aMKHyToro H^eajia J. ^jih B" oho jierKO ,n,OKa3biBaeTCH HHflyKH,Heii; npoBepHM 
ero fljia H^ a ). Ecjih no npeflnojiojKeHHio HHflyKH,HH / = H( Q ) (J) — H^eaji b A, 
coflepjKam,Hfl:ca b K = H < - Q ' (J), to OTo6pa»;eHHe x/I 1 — > ocymecTBjiaeT 
H30MopcpH3M MejKfly J/I h H,n;eajiOM qj(J) ajire6pbi A/ 1. Tor^,a 

H(« +1 ) ( J) = {x e J : qj (x) G H (q T (J))} (3.1) 

— H^eaji b A. TaK KaK qj(J) — H,neaji b J/I, to R(qj(J)) C H (j//). TaK KaK 
p(H(,//T)) C H(J/X) fljia CTaHflapTHoro 3nHMop(pH3Ma p : J/I — > J/K, to 
H(J/I) C g 7 (H( Q+1 ) (7)) h Torfla H( a+1 ) ( J) C H( Q+1 ) (7) b cnjiy ([XI]); mar 
»ce HH/ryKHHH fljia npe/i,ejibHoro op^HHajia aceH. HiaK, noKa3aHO, hto HS a ) (J) - 
Hfleaji b A h H< Q ) (J) C H( Q ) (7) ,zi,jih jno6oro opflHHajia a. YHHTbiBaa BRjuoneHHe 
H^ a ) (j) C H^ Q ) (A), /i;oKa3aHHoe b [5], nojiynHM, hto H^"^ yflOBjieTBopaeT (R4). 
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B CHjiy mohotohhocth, nenoHKH (B a (A)) h (H( Q ) (A)) CTa6HjiH3HpyiOTca: naii- 
AyTca Taioie opflHHajibi /3 h 7, hto H^ 1 ) (A) = (A) h B^ 1 (A) = BT (A). 
HaiifleHHbie npn stom njreajiBi o6o3HannM nepe3 H' (A) 11 B' (A) . H3 ycjiOBnft CTa- 
6njiH3ainin jierKO cjie^yeT corjiacHO [5] TeopeMbi 6.6 h 6.10] (oroBopica, cflejiaHHaa 
Bbiine, 3flecb ysce He HjQKHa), hto cooTBeTCTByromiie OTo6pa»ccHHa B' n H' yn,o- 
BjieTBopaiOT (R3) h (R2), to ecTb CTaHOBHTCH pa^HKajiaMH. 5Icho, hto H' h B' - 
BepxHHH n hhjkhhh rpaHH ceMeiicTBa {Pi : i G A}. Ecjih T — TP, hbjisioihhhch 
BepxHeii rpaHbio {Pi : i G A}, to no HHflyKinci nojiyHHM, hto H^"- 1 < = T 
fljia jiio6oro a, OTKyn,a H' < T. SHa^niT, H' — TOHHaa BepxHaa rpaHb {Pi : i G A}. 
AHajioriiHHO mojkho noKa3aTb, mo B' - TonHaa hhjkhhh rpaHb {Pi : i G A} (cm. 
Taitsce [5j cjieflCTBne 6.12]). 

b) ^onycTHM, paccyjKflaa no HH^yKiniH, hto mbi ysce nocTponjin Tpe6yeMbift 
n^eaji J a . IlocKOjibKy J a C P(A), mojkho npoBepnTb, ito P (A) / J a = P(A/J a ) 
(cm. HanpnMep |18l ^0Ka3aTejibCTBO cjieflCTBna 2.8 (ii)]). Ecjih J a ^ P(A), to 

H (A/ J a ) ^ 0, HTO flaeT B03MOJKHOCTb nOCTpOHTb J a + i- 

c) IlocKOjibKy B yn,OBjiCTBopaeT ycjiOBHHM (Rl) h (R2), ^ocTaTonHO jj,OKa3aTb 
(R5) jijih B. Ho 3to oneBHflHO b cnjiy toto, hto (R5) BbinojmeHO fljia Bcex Pi. □ 

3.1. KoMnaKTHO KBa3HHHJii>noTeHTHBiii pa^HKaji. PaflHKaji !Z C q, KOTopbiii 
mbi ceflnac onpeflejiHM, CBsraaH c CCP. IlycTb &(A) — mhojkcctbo Bcex npe/ntOM- 
naKTHBix nojj,MHO?KecTB nopMHpoBaHHOii ajire6pbi A. Ha30BeM A KOMnanmno Kea- 
3UHUA-bnomeHmHou, ecjin p(M) — pjin jno6oro M G &(A). Cjiejiyioinnii pe3yiib- 
TaT ji,OKa3aH b [T51 TeopeMbi 4.18, 4.20 n 4.25, jieMMa 4.11]. 

TeopeMa 3.3. (a) B aw6ou HopMupoeanHou aAze6pe A ecm& Hau6oAbiuuu kom- 
naKmno Kea3UHUAbnomeHmHuu udeaji lZ cq (A). Omo6paatceHue A 1 — > lZ cq (A) - 
HacAedcmeeHHuu monoAozuuecKuu padunaA. 

(b) SAeMenm a G A npunadAemcum lZ cq (A) mozda u moAbKO mozda, Kozda 
p(aM) — Sah ak>6ozo M G R(A). SneueaAeHmHoe ycAoeue: p({a} U M) — p(M) 
3ah ak>6ozo M g &(A). 

(c) p(M) = p{M/K cq (A)) 8am ecex M G &(A). 

(d) lZ cq (B) — B n lZ C q (A) 3am aw6ou nAorriHou nodaAze6pu B. 

YcjiOBHe (d) SKBHBajieHTHO peryjiapHOCTH lZ cq . 51cho, ^ito lZ cq paBHOMepeH. 

3.2. THnoKOMnaKTHMH pa^HKaji. 06o3HanHM iepe3 C(A) mhojkcctbo Bcex kom- 
naKTHBix sjieMeHTOB HopMnpoBaHHon ajirc6pbi A. 3to — 3aMKHyTbiii nojiyrpynno- 
Boii njj,eaji b A, Tax hto span C (A) — n^eaji b A. 

JieMMa 3.4. Ecau f : A — > B — Henpepuenuu omKpwmuu snuMopijju3M nop- 
MupoeaHHux aAze6p, mo f(C(A)) C C(B). 

/JoKasameAbcmeo. BiycTB a G C(A). Tax KaK fW a — W/( Q )/ n f (Aq) coflepjKHT 
OTKpBiTBin map npocTpaHCTBa B, to W/( a ) KOMnaKTeH b B. □ 

JieMMa 3.5. nycm-b J — udeaA e A. Ecau C(J) 0, mo J D C(A) ^ 0. 

/JoKaaameAtcmeo. Jleraco bh^ctb, hto 

W bQ = L b W a R b = R Q W b L a (3.2) 

pjia Bcex a, b G A. Ecjih a G C(J), to npn jiioSom b G J onepaTop Wf, a KOMnaKTeH 
b A. IIosTOMy JC(J) C J n C(A) h Bee ji,OKa3aHO, ecjin JC{ J) ^ 0. C flpyrofi 
CToponbi, ecjin JC(J) = 0, to C(J) C C(A), nocKOjiBKy W a (x) = (ax) a — ^jih 
Bcex a G C(J) n x G A. □ 

CjiejryioinHH pe3yjiBTaT jierKO cjieflyeT H3 (|3.2[) . 
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JleMMa 3.6. 3aMKHymuu udeaA, nopoatcdenHuu KOMnanmHUM aJieMenmoM nop- 
MupoeaHHOu aAze6pu A, cocmoum U3 coeMecmno KOMnaKmnux DAeMenmoe e A. 

HopMHpoBaHHaa ajire6pa A Ha3BiBaeTCH zunoKOMnaKmnou, ecjiii jiio6oh ee HeHy- 
jieBoii (paKTop A/ J co,i],ep>KHT HeHyjieBoii KOMnaKTHBifi sjieMeHT, n 6ukomticlktrhou, 
ecjin A coctoht H3 coBMecTHO KOMnaKTHbix sjieMeHTOB b A. 3th noHHTHH pacnpo- 
CTpaHHM Ha H/i,eajibi n noflajire6pbi, paccMaTpnBasi nx KaK HopMiipoBaHHtie aji- 
re6pbi. Ife onpeflejieHHH BbiTexaeT, hto 3aMBiKaHHH rnnoKOMnaKTHBix no,a,ajire6p n 
(paKTOpBi runoKOMnaKTHBix ajire6p rnnoKOMnaKTHBi. 

JleMMa 3.7. JIw6ou, dacuce odnocmopoHHUu, HenyAeeou udeaA zunoKOMnaKmnou 
ame6pu codepwcum HenyAeeou KOMnaKmnuu dAeMenm 9mou aAze6pu. 

/JoKasameAbcmeo. IlycTB A rnnoKOMnaKTHa n J — ee HeHyjieBoii jieBBifi n,n,eaji. 
IlycTb I = {a <E A : a J = 0}. Toiyja / — 3aMKHyTBiit H^eaji b A. Ecjih I = A, 
to bchkhh ajieMeHT b J — KOMnaKTHBifi sjieMem b A. HHa^e A/ 1 HMeeT HeHyjie- 
Boii KOMnaKTHBifi sjieMeHT b. BBi6epeM a G A, TaKofi hto qj (a) = b. OneBH/nro, 
HaitfleTCH x G J, TaKofi hto ax ^ 0. flpK&yneM, nTO sjieMem ax KOMnaKTeH b A. 

^eilcTBHTejibHO, W ax — RiW a L x . TaK KaK R X (J) — 0, onpeflejniM onepaTop V : 
A/ 1 — > A, nojiaraa V (qi (y)) = yx pjin jiro6oro y G A. Toiyja HeTpyznio BH^eTb, 
hto ||V|| < HRxll h K x — Vqi. IIocKOjiBKy onepaTop qiW a = Wbqi KOMnaKTeH, 
onepaTop W aa: = VqiWaL x KOMnaKTeH b A. □ 

5Icho, hto BCHKaa 6nKOMnaKTHaH ajire6pa rnnoKOMnaKTHa. Mbi ycTaHOBHM b 
cjiejxyioineM pe3yjiBTaTe, hto Bee rnnoKOMnaKTHBie ajire6pbi MoryT 6biTb nojiyneHbi 
nocjieflOBaTejibHbiM pacninpeHneM 6HKOMnaKTHbix. 

IIpefljiojKeHHe 3.8. Ilycmb J — udeaA e HopMupoeanHou aAze6pe A. CAedymuiALe 
ycAoeuK SKeueaAewmHu: 

(i) J zunoKOMnaKmen. 

(ii) JJ^ak ecsiKOZO nenpepuenozo omKpumozo 3nuMopqiu3Ma f : A — > B au6o 
f(J) = 0, au6o f (J) n C(B) ^ 0. 

(iii) Cyuificmeyem eo3pacmawmfl,K mpancqiuHumnafi upnonKa (J Q ) Q < 7 udeaAoe 
e A, manafi nmo Jq = 0, J 7 = J, ece J a 3aMKHymu e J u ece gjanmopu 
Ja+i/Ja 6uKOMnaKmnu. 

/JoKasameAbcmeo. (i)=>(ii) IlycTb / = ker / h K = I PI J. Torjxa ajire6pa J n 
ee (paKTop J/K — rnnoKOMnaKTHbie ajire6pbi, b to BpeMH KaK qx (J) — oflHO- 
BpeMeHHO nfleaji b A/K h J/K. IIpe/i,nojiojKHM, hto f(J) 7^ 0. Tor,na qx (J) ^ 
h qx (J) H C(J/K) otjihhho ot Hyjia no jieMMe 13.71 TaK KaK sto mhojk6ctbo co- 
,n,ep>KHTCH b C{qx (J)), to HafifleTCH HeHyjieBoii sjieivreHT a G qx (J) H C(A/K) no 
jieMMe I5~51 Onpe^ejiHM OTo6pa?KeHHe g : A/K — > B ycjiOBneM g {qx (b)) = f (b) 
jno6oro b G A. Hcho, hto g — HenpepbiBHbiii OTKpbiTbift 3nnMopcpH3M. Bbi- 
6epeM TaKoii sjieivieHT b G J, hto a = qx (b). Tor^a f (b) — g (a) — HeHyjieBoii 
KOMnaKTHBifi sjieMeHT ajire6pBi B no jieMMe [tOl 

(ii)=>(iii) PaccMOTpnM Bee B03pacTaioni,He TpaHCcpnnHTHBie n,enonKH {J a ) a <p 
HfleajiOB b A, TaKne hto J a C J h J a 3aMKnyT b J, J a +i/J a 6nKOMnaKTeH h 
OTjinneH ot Hyjia pjin jno6oro a < ft. TaKne nenonKH o6pa3yiOT mhojkcctbo (a He 
Kjiacc), nocKOJiBKy A — mhojk6ctbo. YnopHflonnM ero ycjiOBneM 

(J^aKPt < {I a ) a <f} 2 , ecjin /3i < j3 2 h J a = I a npn a < Pi. 
Yio jieMMe U,opHa, b stom MHO»cecTBe ecTB MaKCHMajiBHBin sjieMeHT (J Q ) Q < 7 . IlycTB 

K = J-y. Ecjih J 7 / J, TO X / J, h (paKTop J/J 7 H30MeTpnneCKH H30MOp(peH 

qx{J)- Ilojiaraa B — A/K h / = qx, H3 (ii) bbiboji,hm, hto f(J) CiC(B) ^ 0. 
Flo jieMMe 13.61 cymecTByeT HeHyjieBoii 3aMKHyTBifi 6nKOMnaKTHBifi n^eaji I b B, 

nOpOJKfleHHBlft SJieMeHTOM H3 f(J). 
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IIojiojkhm J 7 +i = {x G J : f(x) G /}. Toiyja jierKO BH^eTb, hto J 7 +i 7^ J 7 , 
J 7+ i — H^eaji b A, J 7 +i 3aMKHyT b J h J 7 +i/ J 7 6nKOMnaKTeH. CneflOBaTejibHO, k 
neno^Ke mojkho ,no6aBHTb J 7 +i, BonpeKH npeflnojiojKenHio MaKCHMajibHOCTH. 

(iii)=>(i) IlycTb / — co6cTBeHHbiii 3aMKHyTbiH H,a,eaji b J. Bo3bMeM nepBbiii 
op/n-maji a, npn kotopom J a He jie>KHT b /. Torjxa 7^ qi(J a ) C C(J/I). □ 

Cjie,zi,CTBHe 3.9. Bycmb A — HopMupoeaHnasi aAze6pa. Cjiedywmue ycAoeun sk- 
euecuieHmHu: 

(i) A zunoKOMnaKmna; 

(ii) ece udecuiu u cfiaKmopu ajize6pu A zunoKOMnaKmnu; 
(in) J uA/J zunoKOMnaxmHU 3asi ueKomopozo 3aMKnymozo udeana J e A. 

/JoKaaameAbcmeo. (i)=>(ii) Mbi yace 3HaeM, hto (paKTop rnnoKOMnaKTHOii ajire6- 
pti rimoKOMnaKTeH. IlycTb Tenept ajire6pa A rimoKOMnaKTHa h J — ee iifleaji. 
IlycTb / : A — 5- B — HenpcpbiBHbifi OTKpbiTbiii 3nHMopcpH3M h I = ker /. Chh- 
Taa, hto /(</) 7^ 0, nojiyHHM, hto gj (J) 7^ 0. Ilo jieMMe [3~Tl Han/jeTCH TaKoii a E J. 
hto 7^ Qiifl) G C(A/I). Yio jieMMe [3"/fl /(a) — HeHyjieBoft KOMnaKTHbiii sjieMenT 
ajire6pbi B. CorjiacHO npeajioaceHHio J rnnoKOMnaKTeH. 

(ii) =>(iii) oneBHiXHO. 

(iii) =>(i) IlycTb / — co6cTBeHHbifi 3aMKnyTbiii Hfleaji b A. Ecjih J C /, to A/ 1 
mojkho OTOJK,n,ecTBHTb c ajire6poii (A/ J) /{I / J), flBjisioiHeHCJi cpaKTopoM rnnoKOM- 
naKTHOii ajrre6pM. Ilo onpeflejiemiio, OHa co,n,ep}KHT KOMnaKTHbiii sjieivieHT. 

IlycTb Tenepb / He coflepjKHT J. nojiaraa K — J n I, HMeeM C(J/K) 0. 
no jieMMeEOll J/K C\C{A/K) ^ 0. IlycTb ^ q K {a) G J/K C\C{A/K). Tor#a 
a ^ I h qi{a) G C(A/I) no jieMMe EOl TaKHM o6pa30M, A/ 1 coflep>KHT HeHyjieBbie 
KOMnaKTHbie ajieMHHT&i. □ 

CjieflCTBHe 3.10. B ato6ou HopMupoeanHou a,Aze6pe ecrm> Hau6oAbiuuu zuuokom- 
naKmwbiu udeaA. 

/foKaaameAbcmeo. IlycTb J — 3aMKHyTaa jiHHeiiHaH o6ojiOHKa o6 r beflHHeHHH Bcex 
rnnoKOMnaKTHbix HfleajiOB ajire6pbi A. flpK&yKeM, hto Hfleaji J rnnoKOMnaKTeH. 

CorjiacHO npefljio»ceHHK) 13.81 jjpcTaTOHHO noxasaTb, hto ecjin / : A — > B - 
HenpepbiBHbiii OTKpbiTbiii snHMopcproM, npaneM f(J) 7^ 0, to f(J)nC(B) 7^ 0. 
Ho ecjin /(J) H C(B) = 0, to /(/) = ^jih jno6oro rnnoKOMnaKTHoro H^eajia / 
ajire6pbi A. CjieflOBaTejibHO, f(J) = 0, npoTHBopenHe. □ 

OSosHa^HM HaH6ojibiHHH rHnoKOMnaKTHbiii H^eaji ajire6pbi A nepe3 7ihc{A). 

JleMMa 3.11. Ecau J — udeaA e A, mo TZi lc ( J) = J fl IZhc(A). 

/JoKaaameAtcmeo. Ilo cjiejCTBHio 13.91 H^eaji J r\7th c (A) ajire6pbi J nnoKOMnaK- 
TeH, h noTOMy coflepjKHTCH b lZh c (J). Tpe6yeTCH ,a;0Ka3aTb o6paTHoe BKjnoneHHe. 
IlycTb / = spanj ^A 1 TZ\ ic (J)A 1 ^ . 5Icho, hto / — H^eaji b A. Tax KaK 

spanj/ 3 c spanj ([A 1 TZ hc (J)A 1 A 1 ) K hc {J) {A 1 A 1 Tl hc { J)A X )) 
C span 7 (JTZ hc (J)J) C TZ hc (J), 

to spanj J 3 — rnnoKOMnaKTHbift H^ea-n b J. Ho ajire6pa // (spanj I 3 ) 6nKOMnaKT- 
Ha, nocKOJibKy L a Rb = p,jin jhoGmx a, b G // (spanj J 3 ) . no cjieiiCTBHio l3.9l H^eaji 
/ rnnoKOMnaKTeH. Cjie^OBaTejibHO, TZhc(J) C/C TZi lc (A). □ 

JleMMa 3.12. AAze6pa A/TZ^ C (A) He UMeem nenyjieeux zunoKOMnaKmnux udea- 
Aoe u KOMTiaKrriHux SAeMenmoe. 

JJoKaaameAbcmeo. Ecjih J — rHnoKOMnaKTHbiii Hfleaji ajire6pbi A/7th c (A), to, no 
cjieacTBino 13.91 ero npoo6pa3 {i£i: qu hc (A)( x ) & J} — rHnoKOMnaKTHbiii H^eaji 
b A, CTporo coflepjKaniHH lZh c (A), npoTHBopenHe. 
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IIo jieMMe \TM ecjiH A/lZh c {A) HMeeT HeHyjieBMe KOMnaKTHbie sjieMeHTM, to y 
Hee ecTb HeHyjieBMe 6iiKOMnaKTHMe HjreajiM, nTO HeBO3MO>KH0. □ 

TeopeMa 3.13. Omo6paatceHue A i — 5- lZh c (A) — HacAedcmeeHHuu monojiozune- 
ckuu paduKcui. 

/JoKaaameAbcmeo. (R2) n (R5) jj,OKa3aHM b jieMMax l3.12l H [3.1H flOKajKeM (Rl). 

IlycTb / : A — > B — HenpepMBHbin otkpmtmh snnMopcpiOM. 06o3nanHM, pjia 
KpaTKOCTH, qiz hc (B) ^epes q. 5Icho, hto qof — HenpepbiBHbiii otkpmtmh snnMop- 
(pH3M A Ha B/lZhc(B). Tax KaK H^eaji TZyl C (A) rnnoKOMnaKTeH, to, no npejijio- 
aceHHK> [3.8l ee o6pa3 {qof) (7^hc(^4)) Jin6o paBeH Hyjno, jih6o co,i],ep:>KHT HeHyjieBoii 
KOMiraKTHbiii sjieMeHT ajire6pbi B /IZhc(B). Ho nocjieflHee h6bo3mojkho b cnjiy jkm- 
mm EH 3 H aHHT, {qof) (K hc {A)) = i f{U hc {A)) c K hc {B). □ 

TaKiiM o6pa30M, pegyjiMpmiu zunoKOMnanmHuit paduKaji TZ^ C , nojiynaeMbift pe- 
ryjiapHoii npone/rypoii, — HTP. OneBHjiHO, hto TZ^c < 7^h c - 

3.3. Pa^HKaji Rad r AlZh c . JXnsi flajibnenHiero BasKna cbh3b Mescjxy pa,zniKajiaMH 
A Rad r ii lZ C q- 

TeopeMa 3.14. PadunaA RacT A7?.hc JieAJiemcM nacAedcmeeHHUM, conocmaeAsiem 
Kaofcdou a,Aze6pe A udeaA lZh c {A) n Rad r {A) u ydoeAemeopnem HepaeencmeaM 
K hc A Rad r < TZ cq < Rad r . 

/foKaaameAtcmeo. TaK xax pa/niKajiM TZ^c h Rad r Hacjie/i,CTBeHHBi, to lZh c ARad r 
— HacjieflCTBeHHbiii pajrnKaji h conocTaBjiaeT Ka>K^,oii ajire6pe A 3aMKnyTMii ii^eaji 
K hc {A) n Rad r {A) no jieMMeEOl 

^OKajKeM CHana.ua, hto KajK^aa Rad r -paflHKajibnaa 6nKOMnaKTHan ajire6pa A 
KOMnaKTHO KBa3HHHjii>noTeHTHa. B caMOM flejie, ecjin M 6 &(A), to r{M) = 0, 

nOCKOJIBKy A COCTOHT H3 KBa3HHHJIBnOTeHTHI>IX 3 JieMeHTOB . IlyCTb N = Lj\/Rj\/- 

Torna r{N) — no jieMMe 12.11 TaK KaK N — npejiKOMnaKTHoe mhojkgctbo kom- 
naKTHbix onepaTopoB, to p{N) = no f| 1 . 3[) h p{M) = no jieMMC [2~T1 

IlycTb A — npoH3BOjii>HaH ajire6pa n J = Rad r (^4) n IZ^^A). TaK KaK n^eaji J 
rnnoKOMnaKTeH, to, no npenjiojKeHnio 13.81 cymecTByeT B03pacTaioiHa5i TpaHcepn- 
HHTHaa ncnoHKa {J a ) a <j 3aMKHyTbix n^eajiOB b A, TaKaa hto Jo = 0, J 7 = J, 
n Bee (paKTopBi J Q +i/J Q 6nKOMnaKTHi>i. Ife flOKa3aHnoro BMine cjie^yeT, nTO stii 
(paKTopti 7?. C q-paflHKajii>Hi>i. Tor,n,a Hjreaji J TaKJKe 7£ cq -pa,zi,HKajieH no jieMMe 13.11 

H3 TeopeMi>i l3.3f d) BbiTeKaeT, hto 3aMMKaniie KOMnaKTHO KBa3HHnjii>noTeHTHoro 
nfleajia ajire6pi>i b ee nonojiHeHnn coctoht H3 KBa3HHnjibnoTeHTHbix sjieMeHTOB n, 
cjieflOBaTejibHO, jicjkht b pa^HKajie ^,jKeKo6cona nonojiHeHHH. Oiciofla BbiTeKaeT 
HepaBeHCTBO 7Z cq < Rad r . □ 

B nacTHOCTH, mm ,a;0Ka3ajiH, hto Ha rnnoKOMnaKTHbix ajire6pax peryjiapHbin 
pa/piKaji ,T}KeKo6coHa coBnaflaeT c komiuiktho KBa3HHHjibnoTeHTHMM pa^HKajiOM. 

4. OCHOBHblE BB-OOPMYJlbl 

4.1. CMeniaHHaa BB-dpopMyjia. 3Aecb mm flOKa>KeM, ^ito 

p{M) = max{p x (M),r(M)} (4.1) 

^jih jno6oro M G M.{A). 3to paBeHCTBO floCTaTOHHO ycTaHOBHTb, c^inTaa, ^ito A — 
6aHaxoBa ajire6pa h hto M nopo>KflaeT A. B caMOM ^ejie, Bee Bxo,a,siinie b (|4.1I) Be- 
jinnnHM He mchhiotch npn 3aMeHe ajire6pbi ee nonojmeHHeM. KpoMe Toro, p{M) h 
r{M) He H3MeHHTCH, ecjin hx BbinncjiiiTb b 3aMKHyT0ii no [ n I ajire6pe A{M), nopojK- 
,n,eHHOii M. 3HaneHHe »ce p x {M) — p x (Ljv/Rm) 1 ^ 2 npn 3tom He MoaceT B03pacTH, 
TaK KaK onepaTopbi L^Rm cy»caiOTCii Ha noflnpocTpaHCTBO A{M), a HeTpHBHajib- 
Hoit nacTbio (|4.ip HBjiaeTca jihhib HepaBeHCTBO <. 
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Ilojiyrpynna G sjieMeHTOB ajireSpbi A Ha3biBaeTCH noAyzpynnou Padatcaeu (hjih, 
kopotko, R-noAyzpynnou) , ecjra Xa G G fljia jho6mx a € G h A > 0. IlycTb M C A, 
S(M) — nojiyrpynna, nopojKfleHHaa M, 11 5+ (Af ) — i?-nojiyrpynna, nopojKfleHHaa 
M. Hcho, hto 5(Af) = U£° =1 M n h S+ (M) = R+S(M), r fl eM + = {tel:f> 0}. 

nycTb N — MHO»cecTBO onepaTopoB b 6aHaxoBOM npocTpaHCTBe h G = S[N). 
OnepaTop T G N n Ha3biBaeTCH eedyiu,uM (TOHHee, n- eedywALM) 1 ecjin ||T|| > ||S|| 
pjisi Bcex S G Uk< n N k . YTOHHeHiie TepMHHa cymecTBeHHO, Tax KaK onepaTop mo- 
jkbt 6bitb b pa3Hbix N n . ,3,ajiee, eedyman nocAedoeameAbnocmb b G — sto no- 
cjieflOBaTejibHOCTb n(fc)-Beflymnx onepaTopoB G N nl - k \ Taxaa hto n(fc) — > oo h 
||Tfc|| — » oo npii A; — > oo. Ecjih G HeorpamneHa, to oneBiiflHO, hto xoth 6bi o^Ha 
Beflymaa nocjie,zi,OBaTejibHOCTb b G cym,ecTByeT. 

JleMMa 4.1. Flycmb N — npedKOMnanmnoe MHOOfcecmeo onepamopoe. Ecau eep- 
ho p x (7V) < p(N) — 1 u noAyzpynna S(N) neozpaHUHena, mo cympcmeyem no- 
cjiedoeameAbHocm'b onepamopoe edunuuHou nopMU T n G S+(N), cxodsiuiflsicsi K 
KOMnaKmtiOMy onepamopy T . BoAee mozo, mochcho eu6pamb e Kauecmee maKoil 
nocAedoeameAbHocmu AK>6yw cxodnuiAjiocfi nodnocAedoeameAbnocmb U3 S n /\\S n \\, 
zde {S n } — npou360AbHasi eedyuifisi nocAedoeameAbnocmb e S(N). 

/JoKaaameAtcmeo. IIocjieflOBaTejibHOCTb {S n / \\ S n \\ } npeflKOMnaKTHa corjiacHO 
cjieflCTBiie 6.8(iii)]; nycTb T — ee npeflejibHaa TOHKa. B cnjiy p x (N) < 1, nocjie- 

flOBaTejibHOCTb Ill'S'nl^l orpami^iCHa h Tor,n;a nocjie^OBaTejibHOCTb xayappepOBbix 

HOpM OnepaTOpOB SVl/ ||>SVl|| CTpeMHTCH K HyjIIO. CjieflOBaTejIBHO, T KOMnaKTCH. □ 

JleMMa 4.2. Ilycmb A = A(M), zde M nped-KOMnaKmno, u nycmb N = LmRm- 
Ecau p x (iV) < p(N) = 1« noAyzpynna S(N) neozpaHUHena, mo S+(N) codepofcum 
nenyAeeou KOMnaKmnuu onepamop T , manou umo 

(i) onepamop L^R-Tg KOMnaizmen npu aw6ux h, g 6 A; 

(ii) ecAu r(N) < 1, mo T(A) C Rad(A). 

/JoKaaameAbcmeo. Bee sjieMeHTbi nojiyrpynnti 5 + (N) mojkho 3anHCbiBaTb b BHfle 
F = AL a Rfc, r/i,e a,b € S(M) h A >0. J\w KpaTKOCTii, Mbi nojiaraeM = ALhR a . 
B Bbi6ope F^ MOJKeT npiicyTCTBOBaTB HeoflHOSHaiHOCTb, ho He3aBiiciiMO ot 3Toro 
Bbi6opa, fljia jiio6bix h,g G M BbinojiHaeTCH paBGHCTBO Jjph^Fg — FljhRgF^ . 

IlycTb {S n } — BeflymaH nocjie/i,OBaTejibHOCTb b S(N). ^jih KajK^oro ee sjieMeHTa 
S n G N mljl \ onepaTop S^* TO»ce mojkho Bbi6paTb b N mljL \ nosTOMy mm MoaceM 
,n,onojiHHTejibHO npe,n;nojiaraTb, hto 

l|5„|| > || (4.2) 
pjia Bcex n. IIo jieMMe [4TT1 ecTb nocjieflOBaTejibHOCTb onepaTopoB T n — Sk n /\\Sk„ \ \ , 
CTpeMsnraacH k KOMnaKTHOMy onepaTopy T. Bee onepaTopbi — S^* /\\Sk n || 
HBjiaiOTca OKHMaiomHMii b cnjiy (|4.2p . OTCK),a,a nocjieflOBaTejibHOCTb {L^R g T,^} 
orpaHii^ieHa ^jih (pHKCHpoBaiiHbix h, g G A. B cnjiy SToro 

h Th R Tg = lim L Tnh R Tng = lim T n L h R g T^ = lim TL h R g T^ 

ii — ^ oo n— ¥oo n— >oo 

h onepaTop LxhRTgi KaK npefleji KOMnaKTHbix onepaTopoB, KOMnaKTeH. Cjie^OBa- 
TejibHO, T (A) coctoht H3 coBMecTHO KOMnaKTHbix sjieMeHTOB ajire6pbi A. 

IIpeflnojiojKHM, hto r(N) < 1, h ^OKajKeM, hto npn jiio6bix u, v,x G S(M) 
sjieMeHT u(Tx)v KBa3iiHiuibnoTeHTeH. Tlo nocTpoeHiiio, T = limn-^oo \k n Sk n , r^e 

Afe„ = H^ir 1 npn ti v oo ii Sk n = La„Bb„ 

^jih HeKOTopbix a n , b n G M m ^ h m (n) G N. Tor^a ua n xb n v G S(M) ^jih jiio6oro 
?i G N h nocjieflOBaTejibHOCTb sjieMenTOB Xk n ua n xb n v CTpeMHTCH k KOMnaKTHOMy 
sjieMeHTy u(Tx)v ajire6pbi A. H3 pQ TeopeMa 4.4] cjie^yeT, hto cneKTp sjieMeHTa 
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u(Tx)v ne 6ojiee neM CHereH, noaTOMy cneKTpajibHbin pajxnyc HenpepbiBen b u(Tx)v 
corjiacHO [TU]. IIocKOJibKy r(N) < 1, mhcwkbctbo {p(S) : S G S(N)} orpamrqeHO h 
Torfla, yHHTbiBaa, hto W uanX b nV G $ (N), nojiynnM 

p(u(Tx)v) = lim X kn p(ua n xb n v) = lim Xk n p{y^ua n xb n v) 1/2 = 0. 



TaKHM o6pa30M, mhojkcctbo S+(M)(Tx)S-\-(M) npii jik>6om x £ S(M) coctoht 
H3 coBMecTHO KOMnaKTHBix KBa3HHiijii>noTeHTHbix sjigmghtob ajire6pbi A. 3to >Ke 
BepHO fljiH ero 3aMbiKaHHH 5+ (M) (Tx)S+ (M) . Tax KaK 



Tx g S+{N)S{M) = L S+(M) R S+(M) 5(M) C 5 + (M)5(M)5+(M) C S+(M), 



to MHOJKecTBO iS+(Af)(Ta;) 1 S+(M) sBjiaeTca nojiyrpynnoii. Ilo jieMMe l2"^4l ero 3a- 
MKHyTaa jnraenHaH o6ojiOHKa J coctoht 113 KBa3HHHjibnoTeHTHbrx sjicmchtob . Tax 
Kax A = span5+(M), to J — njjpaji A{Tx)A ajire6pbi A h, TaKHM o6pa30M, 
A(Tx)A C Rad(A). B cnjiy KBa3HperyjiapHOH xapaKTepn3anini paniiKajia ^jkc- 
Ko6coHa, A(Tx) C Rad(A) h, no toh xe upmrae, Tie G Rad(A). yniiTbiBas:, hto 
A = span«S(M), nojiynnM, hto T(A) C Rad(A). □ 

BiiKOMnaKTHbie njj,eajibi, cocTOHmiie H3 KBa3HHHjibnoTeHTHbix sjieMeHTOB, mm 
6ya,eM Ha3biBaTb qb-udeanaMu. 

CjieflCTBHe 4.3. Ilycmb M g A (A). Ecau max{p x (M),r(M)} < p(M) = 1 u 
noAyzpynna <S(Ljv/Rm) neozpanunena, mo A{M) UMeem ncnyAceou qb-udeaA. 

/JoKaaameAbcmeo. IlycTb T — KOMnaKTHbiii onepaTop, nocTpoenHbiii b jieMMe l4"T2l 
Toiyja jiio6oh HeHyjieBoii sjicmcht Tx g A(M) nopojKflaeT gfo-nfleaji. □ 

JleMMa 4.4. flycrm, M g M.(A). Ecau A(M) hc UMeem nenyAeeux qb-udeaAoe, 
mo paeencmeo (|4.ip cnpaeedAueo. 

/JoKasameAbcmeo. ripejxriojiojKHM, hto (|4.1I) He BbinojmeHO. Mbi MOJKeM cnnTaTb, 
hto p(M) = 1. riycTb N = LmRa/j Tor^a p(AT) = 1 b cnjiy jieMMBi r2.ll 

Ecjih nojiyrpynna S(N) orpaHnneHa, to max{p x (iV), r (N)} = 1 corjiacHO jieM- 
Me O Ecjih p x (N) = 1, to p x (Af) = 1. Ecjih jkc p x (N) < 1, to r(iV) = 1 h 
r(Af) = 1 no jieMMe [2~T1 B o6ohx cjiynaiix BbinojmjieTCH (|4.ip , hto npoTHBope- 
hht cflejiaHHOMy npejTnojioisceHHio. TaKHM o6pa30M, S(N) HeorpanHneHa. Ho cjiejj,- 
ctbiiio 14.31 A (M) iiMeeT HeHyjieBoii qb-nppaji, hto hcbo3mojkho no ycjiOBHio jieM- 

Mbl. □ 

Teopeivra 4.5. OopMyAa p{M) — max{p x (M), r(M )} eepna dAK aw6ou uopMupo- 
eaHHoil a,Aze6pu A u aw6ozo M g A) . 

/JoKasameAbcmeo. KaK Mbi y»ce OTMenajin, moscho cnnTaTb, hto A = ^l(M). IlycTb 
,/ = Rad(^) n lZ hc {A). TaK KaK, b cnjiy TeopeMbi [3~T4l J C lZ cq {A), to p(M) = 
p(M/J) no TeopeMe 13.31 ^ajiee, ajire6pa A/ J He HMeeT HeHyjieBbix (76-HfleajiOB. 
,II,eHCTBHTejibHO, nycTb / — KaKOH-Hn6yjj,b 56-Hfleaji b A/ J, Tor,n,a ero npoo6pa3 U b 
A co^epjKHTCH b Rad(j4) h TZhc(A), nocKOjibKy paflHKajibi ycTOHHHBbi OTHOCHTejibHO 
pacniHpeHHH. IIosTOMy U C J, OTKyn,a 7 = 0. 

YHHTblBaH, HTO A/ J = A (M/J), H npHMeHHH JieMMV [4T41 3aKJIIOHaeM, HTO 



n 



00 



p(M) = p(M/J) 



mSix{p x (M/J),r(M/J)} < max{p x (M), r(M)} 



b cnjiy (|2.5p . 06paTHoe HepaBeHCTBO OHeBHjxHO. 



□ 
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4.2. OnepaTopHan BB-cpopMyna. Tenept mm mcckem flOKa3aTb (popMyjry (|1.4p . 
TeopeMa 4.6. Ecau MHoatcecmeo M C B(X) npedKOMnaKmno, mo 

p(M) = max{p e (M),r(M)}. 

/JoKaaameAbcmeo. Flo jieMMe [2~2l |LmRm|Ix ^ Af || x || Af |j. 3aMeHHH M Ha M n , 
H3BjieKaa KopHH ra-fi CTeneHH n nepexofla k npe,n,ejry npn n — > oo, npH^eM k Hcpa- 
BCHCTBy p x (M) 2 — p x (LmRm) < Px(M)p(M). IIpHMeHHa TeopeMv 14.51 nojiyHHM 
p(Af) 2 < max{p x (M)/?(M),r(M) 2 }, OTKyzja, b cnjiy r(M) < p(Af), 

p(M) < max{p x (M),r(M)} < max{p e (Af), r(M)} 

corjiacHO (|2.3I) . 06paTHoe HepaBeHCTBO OHeBii/nro. □ 

4.3. Ajire6paHHecKaH BB-cpopMyjia. Haina cjie/iyioinaH nejib — ^0Ka3aTb, *tto 

p(M) = max{p(M/^ c (A)),r(M)} (4.3) 

/jjih jik)6oh HopMiipoBaHHOii ajire6pbi ^4 n ^jia jiio6oro M € &(A). HaM 6yn;eT 
yn;o6Hee /K)Ka3biBaTb (|4.3[) b 6ojiee rn6KOH (popMe: 

p(M) = max{p(M/J), r(M )} (4.4) 

pjm jiioGoro 3aMKHyToro rnnoKOMnaKTHoro Hfleajra J ajire6pbi A CHOBa floCTaTOH- 
ho noKa3aTB cnpaBefljiHBOCTb stoh (popMyjibi fljia 6aHaxoBbix ajire6p, nocKOjibKy, 
KaK 6bijio OTMeneHO paHee, SHa^iCHna pa/niycoB b (|4.4[) He mchhhdtch npn nonojme- 
hhh ajire6p h 3aMt>iKaHHH H^eajia b nono jihchhh , b to »ce BpeMH KaK 3aMbiKaHne 
Hfleajia rnnoKOMnaKTHO. 

HanHeM co cjiyHaa, Kor,a,a Hfleaji J ajire6pbi A 6nKOMnaKTeH. 

JleMMa 4.7. Ylycm'b J — 3aMKHymuu 6uKOMnaKmHuu udean aAze6pu A u M G 
&(A). Tozda 

p e {L M Ru) < p{M/J)p{M). (4.5) 

JJoKa3ameMbcm6o. FlycTb / = span J 2 . ^],OKa>KeM CHanajia HepaBeHCTBO 

||L M R M || e <3||M//||||Af||. (4.6) 

IlycTb a, b G A/, £ > h u, v G /, TaKne hto max {\\a — u\\,\\b — v\\} < \\M/I\\ + e. 
B nacTHOCTH, ||u|| < ||a|| + ||a - u|| < ||M|| + \\M/I\\ + e < 2 ||M|| + e. TaK KaK J 
- 6HKOMnaKTHbiii H^eaji b A, to / coctoht h3 cobmcctho KOMnaKTHbix sjieivreHTOB 
ajire6pbi A. Torfla onepaTop L U R„ KOMnaKTeH b A h 

||L a B*|| e < IlLaRb - L U R„|| = ||L a _ u R b + L M R b _„|| < \\a - u\\ \\b\\ + \\u\\ \\b - v\\ 

<(\\M/I\\+e)\\M\\ + (2\\M\\+e)(\\M/I\\+s) 

<(||M/J|| + e)(3||M||+ e ). 

YcTpeMjiaa e k Hyjno h 6epji cynpeMyM no BceM a,b G M, nojiynHM (|4.6p . 

3aMeHSH Af b (|4.6p Ha Af n , H3BjieKaa kophh n-it CTeneHH n nepexoflH k npe^ejiy 
npn n — > oo, nojiynHM p e (LjwRM) < p(M/I)p(M). Tenepb, ^toGbi nojiynnTb (|4.5I) . 

3aMeTHM, HTO J/ 1 — HHJIbnOTeHTHBIH Hfleaji b A/ 1, OTKya,a J/ 1 G TZcq (A/ 1) H 

p(M/J) = p(M/I) b cnjiy TeopeMBi [3~31 □ 

CjieflCTBHe 4.8. Paeencmeo (14.41) eunoAHeno 3jih jiw6ozo 3aMKHymozo 6ukom- 
TiciKiTiHozo udeaACi J U AK)6oZO M G R (A) . 

JJoKaaameA-bcmeo. TaK KaK p x (M) 2 — p x (LmRm) < ^(LmRa/) < p(M/J)p(M) 
corjiacHO (|4.5p . to, npnMeHHH TeopeMv l4.5l n HepaBeHCTBO r(M) < p(M), nojiyiHM 

p(M) 2 = max|p x (A//) 2 ,r (Af) 2 | < max{p(Af/ J)p(M), r(M)p(M)}, 

hto HeMefljieHHO BjieneT paBeHCTBO (|4.4D . □ 
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JleMMa 4.9. Ilycmb I C K — 3aMKHymue udeaAU aAze6pu A u M G R(A). Ecjiu 
a,Aze6pa K/I 6uKOMnaKmHa u paeencmeo (|4.4p eunoAneno npu 3 = 1, mo oho 
eunojineno u npu J = K . 

JJoK03ameAbcmeo. I430MopcpH3M A/K — > (A/ 1) /(K/I) o6ecneHHBaeT prbghctbo 
p(M/K) = p((M / 1) / (K / 1)) , hto, b cbok) onepeflb, flaeT oneHKy 

p(M) = max{p(M/I),r(M)} = max{max{p((M/I)/(K/I)),r(M/I)},r(M)} 

< max{p(M/K),r(M)}. 

06paTHoe HepaBeHCTBO ohcbhaho. □ 

JleMMa 4.10. Ecau J = (J J a , zde (J a ) — nanpaeAeHHan no eoapacmanuw cemt> 
3aMKnymux udeaAoe aAze6pu A, mo 3asi aw6ozo M G &(A) 

\\M/J\\ = lim \\M/J a \\ = inf ||M/J a ||, (4.7) 

a a 

p(M/J) = Yxmp(M/J a ) = mip(M/J a ), (4.8) 

a a 

J^oKasameji'bcmeo. J\jik jiio6oro a BbinojimieTCs HepaBeHCTBO ||M/J|| < ||M/J a || , 
OTKy A a p(M/J) = inf„||M"/J|| 1/n < inf Q inf„ \\M n / J a \\ 1/n = inf a p(M/J a ) h, 
KpoMG Toro, ||Af/J|| < info, H^/Jill < liminf ||Af/J Q || . C flpyroii CTopoHbi, jierxo 

a 

npoBepiiTB, ito fljiH jiio6bix a G M h e > HaftfleTCH Taxoe a = a(a, e), hto 

\\a/J a \\ < \\a/J\\+e< \\M/J\\+e. (4.9) 

Bbi6epeM b M KOHenHyio e-ceTb TV; Tax KaK jiio6oro c G A 113 j3 > a cjie^yeT 
HepaBeHCTBO Hc/J^H < ||c/J Q || , to, Bbi6Hpaa 7 > max {a(a,e) : a G JV}, nojiy^HM, 
b CHjiy (|4.9[) , hto dist(6/ J 7 ,iV/J 7 ) < dist(6, iV) < e pjisl KajK^oro b G M, h noTOMy 
||M/J 7 || < ||iV/J 7 || + e< \\M/J\\ +2e. CjieflOBaTejibHO, 

inf \\M/J a \\ < limsup ||M/J a [| < \\M/J\\ , (4.10) 

a a 

OTKy^a BbiTexaeT (|4.7|) . Bbi6epeM Taxoe n G N, hto 

|| M n/j||i/» < p(M/J) + e. 
Torfla, b CHjiy nepaBencTBa (|4.10p . npHMeHemioro k M n , HMeeM 

mip(M/J a ) < limsup p(M/J a ) < limsup \\M n / J a f n < \\M n /J\\ 1/n 

a a 

< p(M/J) + c. 

3to /i,OKa3biBaeT cnpaBefljiHBOCTb paBeHCTBa (|4.8I) . □ 

Tenepb mm ^OKajKeM cpopMyny (|4.4[1 h, TeM caMbiM, cpopMyny (14. 3[) . 

TeopeMa 4.11. OopMyAa p(M) = max{p(M/ J), r(M )} cnpaeedAuea Bar aw6ozo 
3aMKHymozo zunoKOMnaKmnozo udeaAa J u aw6ozo M G & (A). 

//oKaaameAtcmeo. Haft^eTCH B03pacTaioni,aa TpaHCcpHHHTHaa i^enoHKa {J a } a <p 
3aMKHyTbix H,a;eajiOB b A, Taxaa hto Jo = 0, Jp — J, h Bee J a+ \/J a 6hkom- 
naKTHbi. Ecjih ecTb opflimajibi a, ^jih kotopmx (|4.4p npn J = J a jiojkho, to nycTb 
7 — HaiiMeHbniHH H3 hex. Oh hc HBjiaeTCH npeflejibHbiM b CHjiy jieMMbi 14.101 h He 
HMeeT npeflbiflymero b cnjiy jieMMbi F4.9l SHa^HT, (14.41) BbinojiHeHO p/isi Bcex a. □ 

H3 TeopeMbi Bajia |22) cjie^yeT, hto 1C(X) — 6HKOMnaKTHbiit H^eaji b B(X). 
TlycTb K. W (X) — H/i,eaji Bcex cjia6o KOMnaKTHbix onepaTopoB b X. KaK H3BecT- 
ho (cm. [H cjie^CTBne 6.8.13]), ^jih ninpoKoro Kjiacca 6aHaxoBbix npocTpaHCTB X, 
BKjnoHaiomero Bee npocTpaHCTBa L 1 cyMMnpyeMbix qSyHKi^Hft, npoH3Be,n,eHHe flByx 
onepaTopoB H3 K w (X) KOMnaKTHO, Tax hto (paKTop-ajire6pa K, W (X)/K,(X) HMeeT 
TpHBHajibHoe yMHOJKeHHe, a 3HaHHT, 6nKOMnaKTHa. IIosTOMy fljia Tarax X wpp- 
aji JC W (X) rnnoKOMnaKTeH h noTOMy coflepjKHTCH b TZ\ IC (B( X)). TaKHM o6pa30M, 
Hfleaji TZ] 1C (B(X)) mojkct erporo BKjiiOHaTb K,(X). 
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5. /^AJlbHEHIIIEE YCH/IEHHE AJirEBPAHHECKOH BB-<POPMyjIbI 

5.1. B noHCKax H^eajia. OopMyjibi Tuna (|4.4p TeM nojie3Hee, neM 6ojibine bxo- 
flHiniiH b hhx Hfleaji J. Dipii J — A TaKaH cpopMyjia 03HanaeT, hto b ajire6pe 
A BejiiiHHHM p(M) h r(M) coBira/iaiOT Ha M.(A), a npn J = paBencTBO (|4.4[) 

TpiIBIiajIbHO . nOSTOMy eCTGCTBGHHO CTaBHTb 3aflaHy 06 OTBICKaHHH (hjih xoth 6bl 

cymecTBOBaHHH) HaHSojibinero H^eajia c t^khm cbohctbom. 06o3HanHM nepe3 
BW{A) coBOKynnocTb Bcex 3aMKHyTbix HfleajiOB J C A, pjin KOTopbix paBCHCTBO 
(|4.4[) BepHO /i,jih jiio6oro M £ ^(^4); Taxae H^eajibi 6yn,eM Ha3biBaTb BW-udeanaMU. 
yflo6HO BbiflejiHTb cjieflyiomHH pe3yjibTaT, KOTopbift jierxo ,n,OKa3biBaeTCH. 

JleMMa 5.1. Ilycmb I C J — 3aMKHymue udeaAU e A. Ecau J G BW(A), mo 

1 e BW{A). 

Cjie/i,yioiii,HH pe3yjibTaT flOKa3biBaeTca aHajiorHHHO jieMMe 14.91 

JleMMa 5.2. nycmt I C J — 3aMKnymue udeajiu e A. Ecau I G £>T4^ (A) u 
J 1 1 G mo J G BW(A). 

JleMMa 5.3. Ecau J = (J J a , zde (J a ) — HanpaeAennaji no eospacmanuw cemb 
3aMKHymux udeaAoe ame6pu A, u J a G BW(A) 3ak eccx a, mo J G BW{A). 

/JoKaaameAbcmeo. nycTb M G &(A). Mojkho CHHTaTb, hto r{M) < p(M) (b npo- 
thbhom cjiynae paBeHCTBO (|4.4I) oneBHflHo). Cjie^OBaTejibHO. H3 J a G -BW^A) bh- 
TeKaeT, hto p{M/J a ) = p(M) pjisi Bcex a. npiiMeHSH jibmmv [4.101 nojiyHHM, hto 
p{M/J) = lim Q p(M/J a ) = p(M). □ 

rtpHMCHSH jieMMbi \b.2\ n [5751 nojiynaeM no HHflyKHHH cjie/iyioiHHH pe3yjibTaT: 

CjieflCTBHe 5.4. Ecau eo3pacmawmp,si mpancqiuHumHafi ufinonna 3aMKHymux ude- 
aAoe (J a ) Q <7 cuiae6pu A manoea, umo Jq — u J a +i/ J a G BW{A/ ' J a ) djw ecex 
a < 7, moJ 7 e BW(A). 

rio TeopeMe 14.111 Bee 3aMKHyTbie rnnoKOMnaKTHbie Hfleajibi hbjihiotch BW- 
HfleajiaMH. ^oxajKeM, hto b BW(A) nonaflaiOT TaKsce Bee 3aMKHyTbie KOMMyTa- 
THBHbie Hfleajibi. Ha ^ejie, pjia hhx paBeHCTBO (|4.4I) npHHHMaeT 6ojiee cnjibHyio 
(popMy. HanoMHHM, hto r\(M) onpe^ejiHeTCH (cm. (|1.2I) ) Kax sup{p(a) : a G M}. 

JleMMa 5.5. Ecau J — 3a,MKHymuu v ) eHmpcuit>Huu udeaA e A u M G .ft (.A), mo 

p{M) = ms^{p{M/J), ri (Lu\J)} = max{p(Af/J),ri(Af)}. (5.1) 

/JoKasameAbcmeo. CeMeiicTBO onepaTopoB Lm fleitcTByeT Ha HopivinpoBaHHOM npo- 

CTpaHCTBG A H 0CTaBJIH6T HHBapHaHTHbIM 3aMKHyT0G no^npocTpaHCTBO J. Ilo jieM- 
Me 4.2 |16| (KOTopyro jierxo a/janTnpoBaTb k HcnojiHbiM npocTpaHCTBaM) , 

p(L M ) = m&x{p(L M \J), p(L M \ {A/ J))}, 

r^e Lm\J — cyxeHHe Lj\/ Ha J h Ljv/|(j4/J) — ceMefiCTBO, HH/rynnpoBaHHoe b 
cpaKTope A/ J. 51cho, hto Lm| {A/ J) — L M /j, h Tor^a p(Lm| (A/ J))) = p(M/J). 
Ha no^,npocTpaHCTBe J onepaTopbi yMHOJKeHHH KOMMyTHpyiOT: L a Lf,x — abx = 
bxa — bax = Li,L a x. Tor^a p(Lm\J) = T\{Lm\J) no |17l jieMMa 2.8]. OcTaeTCH 
ynecTb, hto Ti(Lm\J) < ^(Lm) = n(M) h p(M) = p(L M ), □ 

Ajire6pa A Ha3biBaeTCH noAynpuMapnou, ecjin OHa He HMeeT muibnoTeHTHbix 
H^eajiOB. 3KBHBajieHTHoe ycjiOBHe: H3 paBeHCTBa aAa = cjiepyei, hto a = 0. 

JleMMa 5.6. Ecau a,Aze6pa A noAynpujuapna, mo ak>6ou ee KOMMymamuenuu ude- 
aA J vfinmpcuien. Kan CAedcmeue, cpedu ecex ee KOMMymamuenux udeaAoe ecmb 
nau6oAbuiuu. 



If) 
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ffoKasamejvbcmeo. IlycTb x, y G J, a G A, Tor^a x[a, y] = xay — xya — yxa — yxa = 
0. B33B x = [a, y]b, rpjs 6 6 4, nojryHHM [a, y]A[a, y] = 0, OTKyn,a [a,y] = 0. 3to 
03HanaeT, hto J neHTpajieH. □ 

Byn,eM roBopHTb, nTO noflMHOJKecTBO K C A KOMMymamueno no ModyAW Hfle- 
ajia J, ecjiH ab — ba 6 J fljia jnoSbix a,b £ K. 

TeopeMa 5.7. (i) JlmGan HopMupoeaHnan aAze6pa UMeem Hau6oji&muu udeaA 7l® q (A), 
KOMMymamueHuu no ModyAW TZ cq (A). 

(ii) Ecau 3aMKHymuil udeaA J HopMupoeanHou aAze6pu A KOMMymamueen no 
ModyAW lZ cq (A), mo paeencmeo (|5.ip eunoAHeno 3am, aw6ozo M G &(A). 

JJoK03ameAbcmeo. Tax KaK jik>6oh HHjibnoTeHTHbiii Hfleaji KOMnaKTHO KBa3iiHiijib- 
noTeHTeH, to ajire6pa B = A/lZ cq (A) nojiynpHMapHa. Ilo jieMMe 15.61 OHa HMeeT 
Han6ojibniHH KOMMyTaTHBHbiH Hfleaji 1(B); ero npoo6pa3 TZ^ q (A) b A — HaH6ojib- 
iuhh Hfleaji, KOMMyTaTHBHbm no MOflynio R cq (A). 

YTBepjKfleHHe (ii) floCTaTOHHO ,noKa3aTb pjin J = TZ^ q (A). Hcnojib3yH neHTpajib- 
hoctb Hfleajia 1(B) n jicmmv [5"3l iiMeeM 

p(M) = p(M/TZ cq (A)) = m a x{p IiB) (M/n cq (A)), ri (M/n cq (A))} 

= max{p(M/J),n(M)}, 

rfs/e pi(B) (N) o6o3HaiaeT p (N /1(B)) fljia: jiio6oro N e K(B). □ 

fljia 6aHaxoBbix ajire6p cnpaBe/yiHBO h o6paTHoe yTBepjKfleHHe. 

TeopeMa 5.8. /Jaji mozo, nmo6u e 6anaxoeou aAzeGpe A eunoAHHAocb ycAoeue: 

p(M) = sup{p(a) : a G M} 8ah ecex M G &(A), (5.2) 

Heo6xoduMO u docmamouHO, umo6u ona 6uacl KOMMymamuenou no ModyAW lZ cq (A). 

/foKaaameAbcmeo. ^HocTaTOHHOCTb cjie^yeT 113 TeopeMbi 15.71 

IlycTb BbinojiHeHO (|5.2[) . J\w jno6bix a,b G A, nonojKHM (ad b)a = [a, b], Tor^a 
npn jik)6om A =^ OTo6pajKeHne exp(A(ad b)) HBjiaeTCH aBTOMop<pH3MOM ajire6pbi 
A, h noTOMy ,o(exp(A(ad b))a) = p(a). IlycTb M G R(A). H3 cpopMyjibi (|5.2p . 
npiiMGHCHHOH k MHOJKecTBy N — M U {A _1 a, A -1 exp(A(ad &))a}, nojiynaeM, hto 

p(N) = max{p(a)/|A| ) r L (M)}. 

06o3Ha x inM npaByio nacTb paBeHCTBa nepe3 C(A). TaK KaK ^(exp(A(ad b))a — a)/X 
npHHafljie>KHT a6cojnoTHO BbinyKjioft o6ojionKe abs(A^) MHOJKecTBa N h p(abs(N)) = 
p(N) (cm. [161 npe/jjiojKeHiie 2.6]), nojiymiM, ^to 

p ({((exp(A(ad b))a - a)/X) /2} U M) < C*(A). 

IIpH A —> 00 BepxHHH npe^eji cpyHKn,HH /(A) = p ({i(exp(A(ad b))a — a)/A} U M) 
He npeBoexoflHT HHCJia ri(M). ByiryHH cy6rapMOHHHecKoii (cm. |161 TeopeMa 3.5]), 
3Ta cpyHKi^iiH nocTOHHHa h Be3pfi He npeBoexoflHT r\(M). B nacTHOCTn, 

/(0) =p({[o,6]/2}uM) < n(M) <p(M). 

Tax KaK M npoH3BOjibHO, sto 03HaHaeT, ^to [a, 6] G 7?. cq (A) (cm. TeopeMv l3.3r bD. 
Cjie/i,OBaTejibHO, A KOMMyTaTHBHa no MO^yjiro n^eajia lZ cq (A). □ 

TaKHM o6pa30M, BW(A) co/i,epjKHT Bee 3aMKHyTbie n^eajibi, KOTopbie nojiyna- 

HDTCH H3 6HKOMnaKTHbIX, KOMMyTaTHBHblX H KOMnaKTHO KBa3HHHJIbnOTeHTHbIX C 

noMom,bio nocjie/i,OBaTejibHoro npnMeHeHHa onepannn pacninpeHna. 

Bio jieMMe 15.31 BCHKaa itenoHKa BW^-HfleajiOB HMeeT Ma>KopaHTy, HBjiHiOHxyrocfl 
BV^-HfleajiOM. CjieflOBaTejibHO, no jieMMe Uppna, b jho6oh HopMHpoBaHHOii aji- 
re6pe A ecTb MaKCHMajibHbie BW-nj\e&m,\ 1 h (baKTop-ajire6pa no jno6oMy H3 sthx 
HfleajiOB He HMeeT _BW^-H/i,eajiOB no jieMMe [5~2"l Hen3BecTHO, oflHaKO, cyui,ecTByeT jih 
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HcLii6ojit>niHH BW-Hpp&ji. 3KBHBajieHTHbifi Bonpoc: aBjiaeTca jih 3aMbiKaHne cyM- 
mh BW-hpp&jiob BM^-HfleajiOM? Mh yBHiTHM, hto otbctbi Ha sth Bonpocbi CTaHyT 
yTBepflHTejibHbiMH, ecjiH bmgcto HjxeajiOB paccMaTpnBaTb pa/niKajibi. 

5.2. Ot H^eajioB k pa,a,HKajiaM. CKaseeM, hto TP P aBjiaeTca BW -paduna- 
jiom, ea/in Bee 3aMKHyTBie P-pajjnKajibHbie H^eajibi hbjihiotch BW -HfleajiaMH. 

TeopeMa 5.9. Cymecmeyem Hau6oAbiuuil BW -paduKcui IZbw! bchkuu monoAozu- 
uecKuu paduKaA, He npeeocxodsimuu lZbw 7 fieAsiemcfi BW -paduKaAOM. 

/JoKaaameAtcmeo. 06o3HaHHM nepe3 IZ^w TOHHyro BepxHioio rpaHb ceMeiicTBa Bcex 
-BW^-paflHKajiOB (cm. jieMMv l3"T2l : Tpe6yeTCH ^,OKa3aTb, hto IZbw(A) HBjraeTCH BW- 
H,u;eajiOM ^jia nio6ofl HopMHpoBaHHOii ajire6pbi A. 

Ho jieMMe 13.21 cymecTByeT B03pacTaioiiiaji TpaHCcpHHHTHaH nenoHKa 3aMKHyTbix 
HfleajiOB (J«)a< 7 , Taxaa hto J\ = 0, J 7 = 1Zbw{A) h Kaxjxbiii cpaKTop J a +i/J a 
HBjiaeTCH P-paflHKajibHbiM jijih HeKOToporo PW^-pajjiiKajia P. 3HanHT, J a +i/J a 
HBjiaeTCH BW-vLpfiEbjioM b A/J a . Flo cjiejCTBHio 15.41 lZbw{A) — BW-npieaji. 

Ecjih P — TP h P < IZbw, to P — BW-p&pjiK&ji b CHjiy jieMMbi[5Tj □ 

CoraacHO TeopeMe, p(M) = max{p(M /lZb w {A)) , r(M)} fljia jiio6oro M G .ft (A) 
h jiioSoh ajire6pbi A. B nacTHOCTii, cnpaBejijiHB cjieflyioiHHii pe3yjibTaT. 

CjieflCTBHe 5.10. IZbvt(A) n RacT (A) C lZ cq (A) 8am aw6ou cuiee6pu A. 

B CHjiy (|4.3I) , peryjiapHbiii riinoKOMnaKTHbifl pa^HKaji 7£u c — SW^-pajruKaji. IIo- 
KaaceM, hto OTo6pa:aceHHe A i — > 7?." q (A) — Taicste PW^-pa,zniKaji. 

JleMMa 5.11. 7£" q (^4) = {i £ i : x[a, 6] G TZ cq (A) 3am ecex a,b G A}. 

JJoKaaameAbcmeo. IlycTb P(A) — npaBaa nacTb flOKa3biBaeivioro paBeHCTBa. Jlerxo 
Biiflerb, hto P(A) — H,a,eaji b A. Ecjih x G P(A), o,iei, to [x, a]6[x, a] G 7£ cq (j4) 
(nocKOjibKy [x, a]6 G P(A)), to ecTb, o6pa3 sjieMeHTa [x, a] b A/lZ cq (A) nopo»cjiaeT 
HHjibnoTeHTHbiii H/jeaji. Tax Kax A/7^ cq (A) nojiynpnMapHa, to stot o6pa3 paBeH 
Hyjuo h Torjj,a x neHTpajieH no MOjryjno 72. cq (A). CjieflOBaTejibHO, P{A) C 7^° q (A). 

06paTHO, nycTb x £ 7^J? q (A). Tax xax x neHTpajieH no MOjj,yjno lZ cq (A), to 
x[a, 6] = [xa, 6] — [x, 6] a G 1Z cq (A) jj,jih jno6bix a,ki, OTKyzja TZ^ q (A) C P(A). □ 

H3 3toh jieMMbi n TeopeMbi l3.3f d) cpa3y BbiTeKaeT yTBepjKflenne: 

CjieflCTBHe 5.12. TZ^ q (B) = B n 7?." q (A) d/wj aw6ou nAomnou nodaAze6pu B 
HopMupoeanHou aAze6pu A. 

TeopeMa 5.13. Omo6paotceHue A 1 — ► 7Z% q (A) — HacAedcmeeHHuu monoAozuue- 
ckuu paduKaA. 

/JoKaaameAbcmeo. Mbi flOjiJKHbi npoBepnTb ycjiOBHH (Rl), (R2) n (R5) fljia 72-"q) 
npmeM jj,ocTaTonHO 3to cjrejiaTb jj,jia 6anaxoBbix ajire6p. B caMOM jj,ejie, ecjin no- 
Ka3aTb. hto lZc q — HTP b Kjiacce 6aHaxoBbix ajire6p, to peryjiapHoe pacmnpeHiie 
1l a c r q - HTP b cnjiy [TBI TeopeMa 2.21]. Ho TZ^ q = TZ^ no cjieacTBnio I5T21 

Ecjih / : A — > B — HenpepbiBHbiii 3nHMop<pH3M 6anaxoBbix ajire6p, to, nojiaraa 
J = f{R%{A)), nojiy™ [J, J] C f([K a cq (A),K a cq (A)]) C f(K cq (A)) C 7e cq (P), to 
ecTb, Hjj,eaji J KOMMyTaTHBeH no MO/rynio lZ cq (B). 3nanHT, (A)) C TZ^ q (B), 

to ecTb, BbinojiHeno ycjiOBHe (Rl). 

nycTb / = Tl a cq {A), B = A/I, K = {x 6 A : q r (x) G ^ q (P)}; T pe6ye T CH 
flOKa3aTb. nTO K <Z I. Hcho. 'ito (|5.ip cnpaBejijiHBO npn J = I 11 BbinojiHeHO b 
ajire6pe B npn J = K/I. PaccyjKflaa KaK b jieMMe [5721 (to ecTb, Kax b jieMMe |4~^1) . 
nojiyHHM, hto oho BbinojmeHO npn J = K, OTKy^a p(M) = r\(M) npn M G M.(K). 
no TeopeMe 15.81 Hfleaji K KOMMyTaTHBeH no MOjryjiio lZ cq (K) = K n 7^ cq (A), a 
SHa^iHT, h no MOflyjiio lZ cq (A), to ecTb, c TZ^ q (A) = I. YcjiOBHe (R2) jj,OKa3aHO. 
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IlycTb / — 3aMKHyTBifi Hfleaji 6aHaxoBofi ajire6pbi A. H3 jieMMH 15.111 cne,a,yeT, 
hto lZc q (I) HHBapiiaHTeH OTHOCHTejibHO HenpepbiBHbix aBTOMop<pH3MOB ajire6pbi J, 
a noTOMy 11 OTHOCiiTejibHO ee orpamiHeHHbix /nKpepepeHnnpoBaHnn (nocKOjibKy ohh 
— reHepaTopbi rpynn aBTOMopcpii3MOB) . CneflOBaTejibHO, ecjiH x G TZ^ q (I), a£i, 
to [a, x] G 1Z^ q (I). C APyroii CTopoHbi, 113 jieMMBi lB-lll fn toto, hto lZ cq (I) — H^eaji 
b A) cjie^yeT, hto ax[i>,u/] G lZ cq (I) n/ra jnoGbix v,w € I, nosTOMy ax € TZ^ q (I). 
OTCio^,a cca € TZ^ q (I). Mbi flOKa3ajin, hto TZ^ q (I) — ii^eaji b A. 

Tax Kax lZ cq (I) C 7?. cq (A) n H^eaji TZ^ q (I) KOMMyTaraBeH no MO/ryjiio lZ cq (I), to 
oh KOMMyTaTHBeH h no Monyjno lZ cq (A), a 3HannT, co,n,ep}KHTCH b TZ^ q (A). TaKHM 
o6pa30M, TZ^ q (I) C / n TZ^ q (A). C APyroft CTopoHbi, ecjin x E I C\ TZ^ q (A), to ,n;jia 
jno6bix s,it£ /, no jieMMe [5.111 a;[a, 6] C Jfl 7^. C q(^4) = lZ cq (I) n, cjieflOBaTejibHO, 
a; G T2.° q (J). 3to ji,OKa3biBaeT BKjnoneHHe lnTZ^ q (A) C T2.° q (I). (R5) ^,OKa3aHO. □ 

Cjie^CTBHe 5.14. PaduKaA lZ® q paenOMepen u neAsiemcfi BW -padwuajiOM. 

/JoKaaameAbcmeo. fl,nsi paBHOMepHOCTH flOCTaTOHHO noKa3aTb b cnjiy cjieflCTBHH 
15. 121 hto jno6aH 3aMKHyTan no/iajireSpa 7£." q -paflHKajibHOH 6aHaxoBofi ajire6pbi 
7^.° q -paflHKajn>na. Ho sto ohcbhaho b cnjiy TeopeMbi 15.81 

flajiee, TZ^ q HBjraeTCH BVK-pa/niKajiOM corjiacHO TeopeMaM 15 . 71 n 15 . 131 □ 

06o3HannM pa/niKaji 7\L£ C V 7£" q nepe3 7£hc r +cq c "- -Hcho, hto oh OTjinneH ot 1Z^ c 
h lZc ql h hto 7?-hc r +cq a < Rbw Cjieflyioinnn pe3yjibTaT BbiTeicaeT H3 TeopeMbi 15.91 

Cjie^cTBHe 5.15. PaduKaA TZ^c BW -paduKdJioM. 

Cjie,n,CTBHe 5.16. 3a,MUKanue TZ-hc r +cq a -paduKdAbnou noda,Aze6pu 7?.hc r +cq a -padu- 

KdAWO. 

/JoKaaameAbcmeo. 3aMeTHM, hto ,n,OKa3biBaeMbiM cbohctbom o6jiaflaiOT pa/nixa- 
jim lZfo c h lZc q . IlosTOMy H3 jieMMbi 13.21 cjie^yeT, hto 3aMbiKaHne B npoH3BOjib- 
Hoii 7?-hc r +cq a -pa'flHKaJii>HOH no,najire6pbi o6jia [ ii > aeT nenoHKOii 3aMKHyTbix n/jeajiOB 

(J Q ) Q<7 , TaKHX HTO Jo = 0, J 7 = B H KajKflblH (paKTOp J q + i/Jq JIH60 lZhc r ~ 

pafliiKajieH, jih6o 7£ cq a-paflHKajieH, a 3HannT, T^hc' +cq^-pa-AHKajien. Tor,n,a ajire6pa 
B 7^hc r +cq a -pa'AHK&jn>Ha n0 jieMMe f5TTl □ 

6. POJlb BB-OOPMYJI B BOnPOCE O HEnPEPMBHOCTH CCP 

B [161 npefljiojKeHHe 3.1] 6bijio noKa3aHO, hto CCP — nojiyHenpepbiBHaa CBepxy 
cpyHKiina: orpaHHHeHHoro noflMHOJKecTBa HopMnpoBaHHOft ajire6pbi. 3to 03Hana- 
eT, hto limsup p(M n ) < p(M), ecjin nocjieflOBaTejibHOCTb orpaHHHeHHbix no/nvrao- 

n— >oo 

»cecTB M n CTpeMHTCH k M b CMbicjie paccTOHHHH Xaycflopcpa. CxajKeM, hto CCP 
nenpepueen e M C A, ecjm p(M n ) — ¥ p(M), Kor,n,a M n CTpeMHTCH k M. 
Cjieflyiomee yTBepjKfleHHe oneBHflHO. 

JleMMa 6.1. Flycmb M C A ozpanuueHO u J — aaMKHymwu udeaA e A. Ecau 
p(M) — p(M I J) u CCP nenpepueen e M/J, mo CCP nenpepueen e M. 

Xoponio H3BecTHO, hto onepaTop T — TOHKa HenpepbiBHOCTH cneKTpajibHoro 
paflnyca (b o6biHHOM CMbicjie), ecjin p e (T) < p(T), a Taicsce hto cneKTpajibHbiii 
paflnyc HcnpepbiBen Ha KOMMyTaTHBHbix HopMnpoBaHHbix ajire6pax. Mbi nojiynnM 
ccftnac aHajiornnnbie pe3yjibTaTbi fljin CCP. 

JleMMa 6.2. Bycmb M G M.(A). CCP nenpepueen e M, ecAu eunoAneno xomsi 
6u odno U3 ycAoeuu: 

(i) A = B(X) up x (M)<p(M); 

(ii) cymficmeyem 3aMKnymuu t^enmpaAbnuil udeaA J a,Aze6pu A, maKoii umo 
p(M/J)<p(M). 



TOnOJIOrHHECKHE PAflHKAJIbl 
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/joKasameAbcmeo. FlycTb M n — > M. IIoKaJKeM, nTO liminf p(M n ) > p(M). 

n— >oo 

(i) ^onycTHM npoTHBHoe. YMHOJKaH Ha KOHCTaHTy n 3aMeHHH nocjieflOBaTejib- 
HOCTb {M n } ee noflnocneflOBaTejibHOCTbio, mm mcokhm cnnTaTb, hto p x (M) < 
1 ii linijo(M„) < 1 < p(M). Ylo TeopeMe 14.61 p(M) — r(M). CjieflOBaTejibHO, 
sup{ ( o(T) : T G M k } > 1 irpn HeKOTOpoM k, h naiifleTca T G M k , TaKoli hto 
p{T) > 1. Tax Kax p x (M) < 1, to ||M"|| x < 1 npH flocTaTOHHO 6ojibinnx n h 
Tor^a ||T"|| X < ||M" fc || x < 1, orayfla p x (T) < 1. ITocKOjibKy p x (T) = p e (T) (cm. 
[3 cjie,n,CTBiie 6.4]), nojiyniiM. hto p e {T) < p(T). Ho ycjiOBiiio, Hafi/ryrcH Taiciie 
T n G M*, hto T„ -) T k, cjie,n;oBaTejibHO, p{T n ) — > p{T) npii n — >• oo. Ho sto 
HeB03MO>KHO, nocKOJibKy p(T n ) < p(M k ) — p(M n ) k h lim„ p(M n ) k < 1. 

(ii) CorjiacHO (|5.ip . p(M) — r% (Lm\J)- TaK Kax onepaTopbi jieBoro y mho^kchhs , 
cyjKeHHbie Ha J, o6pa3yiOT KOMMyTaTiiBHyio ajire6py n Lm„|J CTpeMHTCH k Ljvj-|J, 
to ii3 [171 jieMMa 2.7] BMTeKaeT, hto ri (Ljvf n |J) — > ri (Ljy|J) npH n — > oo. IIo- 
CKOjibKy p(M n ) > ri (Ljvf ra |J) W 151 JnoSoro n, nojiyiHM liminf p(M n ) > p(M). □ 

n— loo 

TeopeMa 6.3. TJycmb M G A (A). £c/iit p(M/TZ hc r +cqa {A)) < p(M), mo CCP 
Henpepueen e M u p{M) = swp{p(K) : K C M KOHeuno}. 

JJoKaaameAbcmeo. ITo cjieacTBiiio 15.161 mo>kho cnnTaTb, hto A — 6aiiaxoBa ajire6- 
pa. CorjiacHO jieMMe HaiifleTCH nenoiKa (J a ) a< 3aMKHyTbix HfleajiOB, Taxaa 
hto Jo = 0, J 7 = 7?-i lc r +cq a (A) ii Bee (paKTopti J a +i/J a Jin6o riinoKOMnaKTHbi, 
jiii6o ncHTpajibHM no MOflyjno KOMnaKTHO KBa3HHHjibnoTeHTHoro pa^,HKajia. Pac- 
ninpHH, ecjin Heo6xoflHMO, nenonKy 3a cneT npnoneK, cooTBeTCTByioinHx sthm (paK- 

TOpaM, MM MOJKeM CHHTaTb, HTO BCe J a + l/ ' J a JIH60 UeHTpajIbHM, JIH6o KOMnaKTHO 

KBa3HHHJibnoTeHTHiji, jih6o 6iiKOMnaKTHM (no npejjio>KeHHio 1X5)1 . 

Han,n,eM nepBMfi op/niHaji /3, pjin KOToporo p(M/Jp) < p(M). Tor/ja (3 He mojkbt 
6biTb npeflejibHMM no jieMMe 14.101 Hhmmh cjiOBaMH, cym,ecTByeT op,n,HHaji a, hto 
p(M) = p(M/J a ) > p(M/J a+1 ). HycTb M' = M/J a h J = J a+ i/J a . Tor^a J He 
HBjiaeTCH KOMnaKTHO KBa3HHHjibnoTenTHMM no TeopeMe 13.31 Ecjih J uenTpajieH, 
to CCP HenpepbiBeH b M' no jieMMe 16721 h noTOMy — b M no jieMMe 1631 

OcTaeTCH paccMOTpeTb cjiy^iaii, Kor^a J 6nKOMnaKTeH. IlycTb = Lm'R-m'- 
Tor,i];a N — npe,n,KOMnaKTHoe MHOJKecTBO onepaTopoB. TaK KaK 

P X (N) < Pe (N) < p{M'/J)p(M') < p{M'f - p(N) 

b CHjiy jieMM 14.71 n 12.11 to CCP HenpepbiBeH b N no jieMMe 16.21 IlycTb Tenepb 
nocjie,a,OBaTejibHOCTb orpaHHieHHbix MHOJKecTB M n CTpeMHTca k M. IIojio>khm 
N n = hni n /j a RM„/j a - Tor,n,a CTpeMHTCH k N h 

p(M„) 2 > p{M n /J a f = p (N n ) -> p(N) = p(Mf. 

CjieflOBaTejibHO, liminf p(M n ) > p(M) h CCP HenpepbiBeH b M. B KanecTBe {M n } 

MOJKHO B3HTb nOCJieflOBaTejIbHOCTb KOHeiHMX nOflMHOJKeCTB, CTpeMani,yiocH k M. 

IlosTOMy p(M) = supp(-ftT), r^e K npo6eraeT KOHenHbie noflMHOJKecTBa b M. □ 

Cjie^CTBHe 6.4. Ecau G — nonyzpynna Kea3UHUAt>nomeHmHux aAeMenmoe nop- 
MupoeaHHou aAze6pu A u G C 7?-hc r +cq a (A), mo a,Age6pa spanG KOMnaKmno Kea- 
3UHUAbnomeHmna. 

/JoKaaameAbcmeo. fljisi KajK/ipro KOHenHoro no^MHOJKecTBa TV jinHeitHOii o6ojion- 
kh nojiyrpynnbi HaiifleTCH KOHenHoe no,n;MHO>KecTBO M C G, TaKoe hto N C 
abs(M). TaK KaK p(abs(M)) = p(M) = r(M) = 0, to p(N) = 0. IlocKOjibKy 
spanG jiejKHT b T^hc'+cq" (A), CCP HenpepbiBeH b M jno6oro M G ^(spanG) 
corjiacHO TeopeMe 16.31 OTKy^a hcho, hto ajire6pa spanG KOMnaKTHO KBa3HHHjibno- 
TeHTna. □ 
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HaM HeH3BecTHO, HenpeptiBeH jih CCP b M G fi(A), ecjin BbinojiHeHO HepaBeH- 
ctbo p(M/K hv! (A)) < p(M). 
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